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7.4 Classical Terrestrial Gravity Reduction Schemes and Their Limitations

The classical Stokes boundary value problem defines the geoid as the boundary surface,
with both the Bouguer gravity anomaly and isostatic gravity anomaly are strictly defined on
this equipotential surface. Traditional gravity reduction essentially involves the analytic
downward continuation of gravity observables from the Earth's surface (or near-Earth space)
to the geoid, incorporating corrections for topographic mass effects.

7.4.1 Free-Air Correction and Gravity Anomaly
The gravity g on the geoid can be expressed in terms of terrestrial gravity g, via a Taylor
series expansion:

g=gs—(3—i)Nh—§(%)Nh2—---=gs+A19 (4.1)
where A; g denotes the Free-Air Correction. This term represents the increment required to
analytically continue g, downward to the geoid when neglecting the topographic masses
between the surface and the geoid.

Since the actual vertical gravity gradient on the geoid is unknown, it is conventionally

approximated by the normal gravity gradient, truncating higher-order terms (typically
retaining up to the second order):
ng == (), h -3 G), 7 42)
Using approximations for the normal gradient, A, g = 0.3086h — 1.5 x 10~7h? ~ 0.3086h
mGal, where h is the orthometric (or normal) height in meters.
Consequently, the gravity anomaly on the geoid is formulated as:
Ag=g—Yo=9s—Yo+Ayg (4.3)
where g is the gravity on the geoid, and y, is the normal gravity on the normal ellipsoid.
Comparing the terrestrial gravity anomaly (Ags =gs— yz) with the geoid-defined gravity
anomaly (Ag = g —y,), @ more rigorous approach than the simplified free-air correction
mentioned above is to directly perform analytic continuation on the gravity anomaly field itself,
utilizing the functional relationship between Ag; and Ag.

7.4.2 Bouguer Plate Correction and Local Terrain Correction
Assuming planar geometry for both the Earth's surface (terrain surface) and the geoid,
the gravitational attraction of the topographic mass (modeled as an infinite planar slab of
thickness h at point P) is 2nGph. Removing this mass yields the Bouguer Plate Correction
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(or Simple Bouguer Correction):

A,g = —2nGph (4.4)
where G is the gravitational constant. With a standard topographic density p = 2.67 X
103kg/m3, this simplifies to A,g = —0.1118h mGal.

Also known as the Planar Layer Correction, this induces a geopotential change A,V =
2nGphS/R, where S is the base area of the planar layer, and R is the average radius of the
Earth. Since lim A(A,V) # 0, the resulting geopotential is non-harmonic. Thus, the planar
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Bouguer correction fundamentally violates the harmonic property of the Earth's external
gravitational field.

The planar assumption implies a flat surrounding terrain. To account for real topographic
relief, one must subsequently remove masses above the computation point and fill voids
below it in the vicinity.

This residual term is the Local Terrain Correction (Aszg). Unlike the Bouguer plate
correction, both the Free-Air correction (A, g) and Local Terrain correction (Az;g) are analytic
operations that preserve the harmonic nature of the field.

7.4.3 Bouguer Anomaly and Gridding Computation

The Bouguer Gravity Anomaly (or simply Bouguer Anomaly) defined on the geoid, is
given by:

Agp = Ag + 829 + 839 = gs — Vo + 819 + D9 + A3g (4.5)

The sum A,g = A, g + Az g constitutes the Bouguer Correction. Due to the planar slab
assumption, these are often termed "Simple" or "Planar” anomalies/corrections. Critically, the
Bouguer correction alters the Earth's total mass distribution, thereby making the geoid and
the external gravity field change.

The Bouguer gravity anomalies, defined on an equipotential surface with topographic
masses effects removed, are generally believed to be smoother than the free-air gravity
anomalies on the geoid. Consequently, gridding or prediction based on Bouguer gravity
anomalies typically yields lower interpolation errors.

Grid averaging usually employs algorithms with translational invariance (isotropy). The
mean Bouguer anomaly for a grid cell centered at (4, ) is expressed as:

49,4 @) = [T [k = X 0 — 9)Agy (i, 910 (4.6)
where f is the two-dimensional kernel function. Common kernels include Inverse Distance
Weighting, Shepard’s Method, Multi-Quadric Interpolation, Kriging, and Radial Basis
Functions.

Technical Note: If a gridding algorithm does not inherently satisfy the analytic functional
relationships of the gravity field, operations should be performed on a gravity equipotential
surface (e.g., the geoid) to minimize signal distortion. Direct gridding of terrestrial gravity
anomalies on the non-equipotential terrain surface is theoretically inadvisable without prior
rigorous harmonic reduction.

7.4.4 Limitations of Classical Gravity Reduction
Classical reduction schemes rely on the approximation A, g = —0.3086h + 0(h?) mGal,
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which accounts solely for the normal gravity gradient. However, in regions with moderate
relief (hundreds of meters), the contribution of the disturbing gravity gradient can reach or
exceed the mGal level. A rigorous workflow should first compute normal gravity and gravity
anomalies at observation points using exact formulas, followed by strict analytic continuation
of the anomaly field to the geoid.

Furthermore, the classical concept of terrain correction is restricted to terrestrial gravity
observations. The classical direct topographic effect specifically refers to the influence of
topography on gravity (disturbance/anomaly), while the indirect topographic effect specifically
refers to the influence of topography on the geopotential (disturbing potential/height
anomaly/geoid undulation). Modern gravimetry encompasses diverse data types from space,
airborne, marine, and terrestrial platforms, requiring a unified treatment of topographic effects
on all gravity field elements (both on and outside the geoid).

Contemporary physical geodesy demands a comprehensive handling of these
topographic effects across all gravity field elements. Traditional concepts like "Free-Air
Correction”, simple "Terrain Correction”, and “Direct/Indirect Topographic Effect” are
insufficient for high-precision applications.

PAGravf4.5 addresses these limitations by implementing a comprehensive algorithm
framework capable of rigorous analytic treatment to diverse terrain effects on all gravity field
elements on and outside the geoid.

7.5 Algorithms for Land-Sea Complete Bouguer Effects and Residual Terrain
Effects

In physical geodesy, the treatment of topographic mass effects on various gravity field
elements serves two fundamental objectives:

(a) Spectral Separation: To isolate ultra-short-wavelength components from discrete
anomalous gravity field elements, thereby enhancing the performance of prediction, gridding,
and numerical modeling.

(b) Approximation Enhancement: To improve the approximation of the ultra-short-
wavelength gravity field by explicity modeling the topographic mass contribution during
gravity field recovery.

Crucially, for the second objective, maintaining the analytic functional relationships
among topographic effects on various gravity field elements across different locations is a
mandatory requirement of gravity field approximation theory.

Any anomalous gravity field element at an external point can be expressed as a linear
combination of the disturbing potential (T'), the gravity disturbance (6 g ), or their partial
derivatives in the local coordinate system defined on the equipotential surface passing
through the point. For instance, vertical deflections correspond to horizontal derivatives of T ,
while disturbing gravity gradients relate to vertical derivatives of § g . Consequently, solving
the topographic mass effect problem for T and § g inherently provides the solution for all
other gravity field elements.



7.5.1 Spherical Approximation Algorithm for Land Complete Bouguer Effects

The gravitational field generated by land topographic masses is termed the Land
Complete Bouguer Effect. It represents the total effect of masses located between the terrain
surface and the geoid on external gravity field elements.

The Unified Land-Sea Complete Bouguer Effect at any external point (See Figure 7.4
for the fundamental principle) is defined as the sum of:

e The effect of land topographic masses (between the surface and the geoid).

e The effect of seawater compensation masses (density change from p,, to p).
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Figure 7.4: Fundamental Principle of Unified Land-Sea Complete Bouguer Effect

Neglecting atmospheric mass, the disturbing potential T at an external point is
decomposed as:
T=TNT +Tt=TNT + TB 4 TR (5.1)
where:
T*: Gravitational potential of all topographic masses (Complete Bouguer Effect).
TB: Potential of the spherical shell masses with thickness equal to the topographic
elevation (Spherical Shell Bouguer Effect).
TR : Potential of local topographic masses (Local Terrain Effect).
TNT . Disturbing potential after removing topographic masses (Land Complete
Bouguer Disturbing Potential).
Given that T is harmonic in external space, T2, TR, and T* are likewise harmonic. Under
the spherical approximation, the complete Bouguer effect on the disturbing potential in near-

Earth space (r = R + h) can be expanded by h/R as:

TH=T8 + TR = 4nGpy 2 (142 + 12) + 77 (5.2)
where: h is the terrain elevation directly beneath the external computation point, r is the
geocentric distance of the computation point, and p, = 2.67x103kg/m?® is the mean
topography density from the ground to the geoid.

Similarly, the gravity disturbance § g decomposes as:
aTNT  aTt

89 = == =57 = 89" + 89" = 89" + 89" + 6g" (5.3)

where:
8g*: Gravity (disturbance) of all topographic masses (Complete Bouguer Effect).
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5g8: Gravity (disturbance) of the spherical shell masses with thickness equal to the
terrain elevation (Spherical Shell Bouguer Effect).
8g® Gravity (disturbance) of local topographic masses (Local Terrain Effect).
S5gNT: Gravity disturbance removing topographic masses (Land Complete Bouguer
gravity disturbance).

Under spherical approximation, the complete Bouguer effect on gravity disturbance is:

59t = 8g° + 89" = 4nGp, (1 +y 5) + 8gR (5.4)
Note: Egs. (5.2) and (5.4) are truncated at the second order of h/R, making them suitable

for terrestrial and airborne applications but insufficient for satellite altitudes.

7.5.2 Integral Algorithms for Local Terrain Effects in External Space
(1) Rigorous Integral Formulation
Assuming a constant terrain density = p, , the rigorous integral expression for the local
terrain effect on the disturbing potential is:

=R =Gpff, [ L, g, ) dr' ds (5.5)
where ds = r’ZCOS(p’qu d1' is the integration area element, r' is the geocentric distance of

the integration area element (the moving point), and L =./r2+1'2 — 2rr'cosy is the
Euclidean distance between the computation point and the volume element dV = dr'ds. The
inner integral yields:
[L (i, r)dr =In(r' —=rt+ L)+ C (5.6)
where t = cosy and C is the integration constant.
Singularity Handling: When the computation point coincides with the integration moving
point, the integral becomes singular. The singular value is:

TR|o = =GpAoy/Ao/m(hyy + hyy) (5.7)
where 4, is the area of the integration area element at the computation point; hyy, h,, are
the second-order horizontal partial derivatives of the terrain elevation at the computation
point in the north (x) and east (y) directions, respectively.

The rigorous integral for the Iocal terrain effect on gravity disturbance is:
5gR _ _TTB _ ff J«R+h 6L_1(r1pr )dT ds (58)

with the inner integral:

oL trapr’) , , _rer "t _r_’
f—ar dr' = f dr'=——+C (5.9)
The singular value for the effect on gravity dlsturbance is:
1
8gR|y = EGp,/nAO(h,ZC +h2) (5.10)

where (hx, hy) is the terrain slope vector at the computation point.
Vertical Deflections: Using spherical trigonometry relations for dy/d¢ = —cosa and

0y /01 = —cosgsina, the local terrain effect on vertical deflection vector (&%, nR) are:

R aTR aTR oy _ aTR
&= — =— — = cosa
yrog yrop dep  yroy




prf fR+h,mdr cosads (5.11)

R___O% ___ot" o _ _ ot . osina
= yrcospoi - yrcospdy oA - yrcospoy 4
! -1
prf fR+h Mdr sinads (5.12)
where « is the geodetic azimuth of i, and
oL *rapr’) , , _r-r't
der = oo +C (5.13)
From spherical trigonometry formulas:
simpcosa = cos@sing’ — sinpcosg’cos(A’' — 1) (5.14)
simpsina = cos@'sin(A’ — 1) (5.15)
Gravity Gradients: The radial component TR is given by:
2 1
TE =2 TR =Gp ff, [t ST gy g (5.16)
with the inner integral:
27—-1 ! I
JRE R = [ [~ g+ X ar = 4 T (5.17)

Similarly, The tangential components (T,fn, TR, are derlved via chain rules involving
second derivatives with respect to .

TR = rizT;}q, (5.18)
Thw = = sy Thh (5.19)
where,
Top = 621;:3% = %%ﬁ (5.20)
Taking the partial derivative of both sides of Eq. 5.14 with respect to ¢:
—cosycos?a + sinmp Zz—(;f = —singsing' — cospcos’'cos(A' — 1) (5.21)
Thus,
sim,bz% = —singsing’ — cos@cosp’cos(X’ — 2) + cospcos?a (5.22)
Taking the partial derivative of both sides of Eq. 5.15 with respect to A:
—cosycospsina + siny a;f = —cos'sin(A' — 1) (5.23)
Thus,
smt/) 6/12 = —cos@'sin(A’ — 1) + cospcospsin’a (5.24)

Taking the second partial derivative of both sides of the integral expression for the local
terrain effect on the disturbing potential Eq. 5.5 with respect to the spherical angle distance
P

R+h' 8% 1, ,
ff f+h B_IIJZZd r'ds =

R+h' 92 1 ,
GPff f+h awzmdr ds (5.25)

where:



f——d r_ r'(6r2+4r'2+61r2cos2y—11'cos3P)—rt(4r?+11r'?)
P2 L 4L3sin2y

Physical Remarks:

e The topographic mass effect on gravity disturbance equals the effect on gravity itself.

e In high-altitude regions, local terrain effects on gravity can be positive or negative.

e These effects are non-zero in coastal zones but vanish in the deep ocean.

(2) Fast Algorithm for Local Terrain Effect Integrals

A Local Horizontal Polar Coordinate System is established with the z-axis directed
toward the zenith and the origin O located on the terrain surface directly beneath the
computation point. At the origin, z = 0. Let h denote the elevation of the computation point
relative to the underlying terrain surface 0. In this local coordinate system, dz = dr’ and dh =
dr, as illustrated in Figure 7.5. The rigorous integral for the local terrain effect on the
disturbing potential Eq. (5.5) transforms into:

TR_G ff fAhdz

(5.26)

=Gp ff fo m

_ (h—-4h)2+12-h+Ah R2+12-H 27
=G Jl; I rrman M el & (627

where:
Ah: Height difference of the integration area element ds relative to the terrain surface
O directly beneath the computation point.
l: Planar distance from the area element ds to point O on the equielevation surface
passing through O.
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Figure 7.5: Geometric relationships of elements in the rigorous integral for local terrain effects
within the local polar coordinate system.

Since the rigor of gravity field integrals depends solely on the accurate calculation of the
area element and its spatial distance to the computation point, Eq. (5.27) is mathematically
equivalent to Eqg. (5.5) and constitutes a rigorous formulation. Expanding the integrand of Eq.
(5.27) in a Taylor series around z = 0 up to the third order yields:

=Gpff, [zan+ u—gzmz Ah3] ds (5.28)

Here, L = v h2 + I2 represents the spatial distance from the surface element ds (at z = 0) to
the external computation point. Note that this £ differs from the distance involving the volume
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element dzds.

By substituting the binomial expansions Ah* = (k' — h)* (where h’ is the terrain
elevation at ds and h is the elevation at 0), each term inside the integral assumes a
convolution form dependent only on the integration variable [ (embedded in £) and the terrain
elevations. Consequently, the Fast Fourier Transform (FFT) algorithm can be applied term-
by-term for rapid computation.

Similarly, the rigorous integral for the local terrain effect on the gravity disturbance (Eq.
5.8) becomes:

Ah
R Gp ﬂ- [ (ro+2) ] Gp ﬂ- ___Totdh (5.29)
V(h-2)?+12 [(R-an)* +12
Expanding the integrand around z = 0 up to the fourth order:
TR+L2 2hL2+10(2R%-17) 2R3r+R212-3r RI%-1*
R _ Gp L3 Ah + zoLS Ah* + 2L7 ;
89" ="l 8rRt—4R3 1212014 —247, R2 12 +31%r, ds (5.30)
AR3 + VCI 2 Ah*
8

Equation (5.30) is also amenable to FFT acceleration after expansion.
For the vertical deflection, expanding the integrand up to the third order yields the kernel:
r2siny 3hrising 5 r?siny  5risinyp(2h%-1?) 3
— Do pp - B g2 - [ 4 D 4 (5.31)
Substituting Eq. (5.31) into Egs. (5.11) and (5.12) enables fast FFT-based computation
of the local terrain effect on vertical deflections.

For the disturbing gravity gradient (T2, the equivalent rigorous integral is:

h—Ah R

Expanding up to the third order:

7232 7 _ 22
. 2h£51 Ah — 3h(2:£7 3l )Ahz
Trr = Gp ffs 4h*+6r*—12R%12— (614431 lz)coswAh3 ds (5'33)

Lo
The integrand in the rigorous integral expression for the local terrain effect on the
tangential gravity gradient (Equation 5.25) is equivalent to:

fR+h’ 9% 1 1ar = dz

fAh 9? 1
R+h 9y2 L

0 oy* \/(H—z)2+4rozsin2 W/2)

[H(2L2+rgsin21p) (H—Ah)(zzzz+rgsin21p—4ﬁAh+zAh2)]
gsin?L L3 (L2—2RAh+Ah?)3/2

(5.34)

Expanding around z = 0 up to the third order yields:
R+h' 9% 1, ,  2(h*+2r§)cosyp+18 (~5+c0s2i) ZAh
fR+h Y?L - 2L5
72
+6(h +2r0)cos¢:-§7ro( 7+3colep)h ZAhZ
n (8R*+12R2rg—191)cosyp—ré (36%24—L198r0 —(24h?%-21r2)cos2y+3r¢ cos3y) 7'02Ah3 (5.35)

If the computation point lies on the terrain surface (h = 0, £ = 1), Egs. (5.27) — (5.35)

simplify significantly.



7.5.3 Integral Algorithm for Land-Sea Complete Bouguer Effects outside the Geoid
In oceanic regions, the topographic gravitational field is modeled as the Seawater
Complete Bouguer Effect, defined as the effect resulting from compensating the seawater
density (p,,) to the land topographic density (p).
The rigorous integral for the Seawater Complete Bouguer Effect on the disturbing
potential is:
T =GB ff, [ L7 (9,7 dr'ds (5.36)
where:
d < 0: Bathymetry (sea depth) relative to mean sea level.
B = p — p,, =1.64x103%kg/m?3: Seawater compensation density.
L : Spatial distance from the seawater volume element to the computation point.
Using the local horizontal polar coordinate system (z -axis points toward the zenith, z =
0 at sea surface), Eq. (5.36) becomes:

o _ 0dz _

o =GB [, [, Fds=GBI, f; Jh—)H
= - —
=GB [, Yt g T e (5.37)
where | = 2rysin(y/2) is the planar distance on the sea surface, h is the computation point's

altitude, and r, is the mean geocentric distance of the sea surface.
Similarly, the rigorous integral expression for the seawater complete Bouguer effect on

on the gravity disturbance is:

ds

89° = -2" = —GR JJ, [, 2T gr g (5.38)
which is equivalent to:
0 (r0+z)dz _% Ty  Totd
=TI, B s =L, |2 (5:39)

/h a)’+12

The rigorous integral expressions for the seawater complete Bouguer effect on the
vertical deflection are:

g0 = Li GB ﬂ' fR mdr cosads (5.40)
nozz_;£%£ L1, v éiiﬁizlangnads (5.41)

The rigorous integral expression for the complete Bouguer effect of seawater on the
disturbing gravity gradient is:

o =210 =GR, [, et ar ds (5.42)

oar?
which is equivalent to:

h
= 68 1S, [~ 5] s (543

FFT Acceleration:
By expanding the integrands of Egs. (5.37), (5.39), (5.40 — 41), and (5.43) in Taylor
series around the sea surface (z = 0), we obtain convolution forms suitable for FFT. For



example, the expansion for T up to the third order is:
2h%-12

° =GB [} 7dzds = GB [f, ( d +2L—3d2 d3)ds (5.44)

Similar expansions for §g° (4th order), vertical deflectlons (3rd order), and 7,9 (3rd order)
are provided in Egs. (5.45) — (5.47). All expanded terms can be computed efficiently using
the FFT algorithm.

TR+L2 2hL2+7o(R2+ Lz)dz 2R3r+R212-3rh12-1*
G L3 2L5 2L7
5g° == ~ ds 5.45
9 r'US B 3, 8rR*—4R312-12R1*-2471,R212431%ry 4 ( )
d° + d
8L9
R oL '(ryr'
J‘ ( 1/) )dT"
R+d 3y
r sin 3hrisin r2sin 5r2sinyp(2h?-12
— 1/1d _ 1»[sz [ 1/1 in( )] d3 (5.46)
L3 2L5 3L5 6L7
2h%-12 3h(2R%2- 312)d2
aég° LS 2L7
TS =———=G ~ - ds 5.47
T or ‘Bffs 4h*+ert—12h%12—(6r*+31r21%)cosy d3 ( )
LQ

Simplification: If the computation point is on the sea surface (h = 0, £ = [), all equations
simplify considerably.

Magnitude and Computational Strategy for Seawater Complete Bouguer Effects

The magnitude of the Seawater Complete Bouguer Effect on various external gravity
field elements is substantial. In practical computations, a sufficiently large integration radius
(e.g., 2250 km) is required to capture these effects accurately. Coastal land areas are
influenced by the seawater Bouguer effect, while nearshore waters are affected by the local
terrain effect of adjacent land masses. Consequently, the coastal transition zone is subject
to both effects simultaneously.

Given the significant magnitude of Spherical Shell Bouguer Effects, approximating
topographic reliefs solely via third-order Taylor expansions can introduce errors exceeding
the gravity disturbance signal itself in certain regions. Therefore, it is strongly recommended
that:

e The Complete Bouguer effect only on gravity may be computed using direct integral
methods.

e The Complete Bouguer effects on all other gravity field elements (including gravity, if
highest precision is required) should be computed using the Remove-Restore technique.
This involves computing the Residual Terrain Effect (RTE) via rigorous integrals, using a
global land-sea topographic mass model represented by spherical harmonic coefficients as
the reference field.

7.5.4 Integral Algorithms for Residual Terrain Effects (RTE) outside the Geoid
The Land-Sea Residual Terrain Effect is defined as the short- and ultra-short-wavelength
components of the Land-Sea Complete Bouguer Effect. The computational workflow involves:
e Constructing a Residual Terrain Model (RTM) by subtracting a low-pass filtered terrain
grid from a high-resolution terrain grid (both with identical specifications).
e Computing the effects of this RTM on various field elements using rigorous integral
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formulas.

The integral formulations for RTE are formally identical to those for local terrain and
seawater Bouguer effects, differing only in the density parameter (B’) and the radial
integration limits defined by the residual elevation/ bathymetry (§').

The RTE on the disturbing potential in external space is:

"™ =G [ f;ﬂg’ﬁ’rl(r, Y, r')dr' ds (5.48)
where:
¢': Residual terrain elevation (land) or residual bathymetry (ocean). Note that §' can
be positive or negative.
B': Density parameter. That is topographic density p (land) or seawater compensation
density g’ = p — p,, (ocean).
Similarly, the RTE on other field elements are:
e Gravity Disturbance:

rm 0T (RS AT
b9 = ~TEm = G ff, B fy T g ar ds (5:49)
e \ertical Deflections:

grm = ff B’ fR+6 oL 1(r1,br RZCHT) Gy cosads (5.50)
=L L g [ 1(;;‘” ATCHI) 41t sinads (5.51)

e Radial Gravity Gradlent.

a2 , RS 2L (rpr")

Thm = = G [ g [ = dr ds (5.52)

Rigorous Integral Formulations within a Local Coordinate System:
Adopting a Local Horizontal Polar Coordinate System (z = 0 at the surface, z-axis to

zenith), let £ = vh2 + [2 be the distance from the surface element to the computation point.
The rigorous integrals can be rewritten in closed form:
e RTE on disturbing Potential:

ren =g ff g f7
/(h z) 412
=G [f, ﬁ’ln—W—zn‘—? ds (5.53)

—ds

L+h

e RTE on Gravity Disturbance:

rtm _ Ah 6 d
=— ds 5.54
e RTE on vertical deflection (Kernel expansion):
[ 1;;“’”01 ' = ctg—l %‘ (5.55)
h-&") 212

e RTE on Radial Gravity Gradient:
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h
TTrT“:m = G ff B [((h 6’)2+12)3/2 L?’] dS (556)

Fast Computation via Taylor Expansion:

Expanded in a Taylor series around z = 0 to derive convolution forms suitable for FFT
acceleration:

To enable fast computation, the integrands in the above rigorous integral expressions
are expanded around z = 0, which here represents the land terrain / sea surface. Expanding
the integrand in Equation (5.53) around z = 0 yields:

e Disturbing Potential (3rd order):

Trm — -Us B’ (%5/+2LL35/2 2R2-12 5’3)d (5.57)
e Gravity Disturbance (4th order):
6grtm=
G (R oo, 2R2=12 5 | R(2R%2-312) 3 = 8R*-24R%212+31* 4
2 B me + e + R e + R B 54 ds (5.58)

e Vertical Deflections (Kernel expansion, 3rd order):

R+& oL *(rypr’) , ,
fR 0 dr' =
_rising o, 3hrising oo rZsiny | Srisinp(2h2-12)] o3
7 0 2L5 6 [ 3L5 + 6L7 ]5 (5.59)
e Radial Gravity Gradient (4th order):
2R2-12 3h 2h%2-31%) _, 8h*—24R%1%2+31* ,
T =G [f B2 RT3 iz 4 SR 13| s (5.60)

These expanded terms depend only on the residual elevation powers (§'%) and the
geometric kernel (£, 1, h), allowing for efficient evaluation using the Fast Fourier Transform
(FFT) algorithm.

7.6 Local Terrain Compensation and Terrain Helmert Condensation

7.6.1 Effects of Terrain Helmert Condensation on Gravity Field elements

The Helmert condensation of topographic masses is based on the concept of
topographic mass compensation (referred to henceforth as terrain compensation). For any
gravity field element defined on or outside the geoid, terrain compensation is defined as the
mass adjustment applied to counteract the gravitational field changes induced by the removal
of topographic masses.

The process of Terrain Helmert Condensation comprises two distinct steps:

e Removal: Subtract the gravitational field generated by the actual topographic masses
(i.e., subtract the Land Complete Bouguer Effect).

e Compensation: Add the gravitational field generated by the condensed mass layer to
compensate for the removal (i.e., add the Terrain Compensation).

The net change in any external gravity field element ¢ due to this process is termed the
Terrain Helmert Condensation Effect, expressed uniformly as:

a =at —af (6.1)
where:
a: Terrain Helmert condensation effect on a.
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at: Land Complete Bouguer effect on a.
a‘: Terrain compensation effect on a.

Unlike local terrain or complete Bouguer effects, Helmert condensation preserves the
total topographic masses. Consequently, the vertical component of the Helmert condensation
effect is generally significantly smaller than both the complete Bouguer effect and the local
terrain effect.

The space external to the geoid after this transformation is referred to as Helmert Space,
and the resulting field is the Helmert Gravity Field. This field differs from the actual Earth's
gravity field solely by the harmonic field change induced by the condensation. Notably, the
terrain Helmert condensation effect retains the harmonic property in external space.

7.6.2 Algorithms for Terrain Compensation and Helmert Condensation Effects
This section introduces the algorithms for computing terrain compensation on various
gravity field elements at arbitrary altitudes within the near-Earth harmonic space.
e Disturbing Potential:
The terrain compensation effect on the external disturbing potential is defined as:

_ TB R _ TB w-p
TC=TP+TR=TP+G[[, —/ds (6.2)
where:
T°R: Local Terrain Compensation on the disturbing potential.

ds: Moving area element on the terrain surface.
u: Topographic mass compensation density. Under spherical approximation:

h  h?
n=ph(1+2+) (6.3)
where h is the ground elevation directly beneath the computation point, and p is the

topographic density.

By approximating the geocentric distances with mean values for the computaion surface
and terrain surfaces, the integral term in Eq. (6.2) can be computed efficiently using the Fast
Fourier Transform (FFT) algorithm.

Singularity Handling: When the computation point coincides with the integration moving
point, TR becomes singular. The analytical value of this singular integral is:

RZ
TRy = @GAO\/AO/T[(.“xx + .uyy) (6.4)

where ., uy, are the second-order partial derivatives of the topographic mass
compensation density at the computation point in the north (x) and east (y) directions,
respectively.

e Gravity Disturbance:
Substituting Eq. (6.2) into the definition of gravity disturbance yields:

89¢ =69 +8gF =89° +G [[, W —w) T s (6.5)

L3
where §g°R is the local terrain compensation effect on the gravity disturbance. Its singular
value is:

R2
696R|0 = 1273 GAO\/ AO/T[(“xx + :uyy) (6.6)
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e General Formulation:

Combining Egs. (6.2) and (6.5), the Terrain Helmert Condensation effect for any field
element a simplifies to:

a =at —a¢ = (af + af) — (af + aR) = ak — aR (6.7)

Under spherical approximation, the Spherical Shell Bouguer effect (a®) cancels out.
Thus, the Helmert condensation effect is simply the difference between the Local Terrain
Effect («®) and the Local Terrain Compensation (aF).

e FFT Implementation Details:

Adopting a Local Horizontal Polar Coordinate System (z-axis to zenith, dr = dh), the
local terrain compensation on gravity disturbance can be expanded into convolution terms
suitable for FFT:

Sgf=-G [, W —#)a;ds—Gﬂ W —w
—fo W - ds—Gf Lre
+G ff, & ds+fo ds—fo “hds (6.8)

Note: Eg. 6.8 decomposes the integrand |nto separate convolutions of compensation
densities and geometric kernels, all computable via FFT.
Similarly, using the relation:

)&~ B2 (0 — h)ds

oL (rapr") _ rr'sing o _ o _ .
™ =T e cosa, —- = —Cospsina (6.9)
the FFT formulas for Vertical Deflections are:
R _ _OTR _ arRoy _ arR _G r_ NOL M)
ER = rie = " yrovnde = yray 0S¥ =, ffs (7)) o cosads
= Ef (' — )~ Simp cosads (6.10)
cR _ __OTR a_w_aTCR in G L~ 1(rl,br) .
= yrcos@oy oA - yral,b - ﬂ. (‘u H)Slnads
_6G r_ ll) ,
== f fs (ll ;1) L3 sinads (6.11)

And for the Radial Gravity Gradient'

=Gl (u —u)( mres L) ds (6.12)

Equations (6.10) through (6.12) provide the rigorous kernel functions required for FFT-

based computation of local terrain compensation effects on vertical deflections and gravity
gradients.

CR _
Trr

7.7 Spherical Harmonic Analysis and Synthesis of Land-Sea Terrain Masses
The terrain surface density g(6, 1) at any point P(8, 4, R) on the land or sea surface can
be expanded in terms of normalized spherical harmonic coefficients as:
q(6,1) = Bh = a ¥y S _o[ApmcosmA + B, sinmA] Py, (cos8) (7.2)
where:
a: Semi-major axis of the Earth's ellipsoid (used for consistency with global

14



geopotential model).

Anm Bnm s Normalized spherical harmonic coefficients of the topographic mass of

degree n and order m.

P,.,: Fully normalized associated Legendre functions.

Parameters:
o On land: h > 0 is the terrain elevation, and g = p =2.67x10%kg/m? is the
topographic density.
o On sea: h < is the bathymetry, and g = p — p,, =1.64x10%g/m? is the seawater
compensation density.

The Land-Sea Complete Bouguer Effect on the geopotential at an external point (6,4, 1)
is expressed via the global terrain mass spherical harmonic series:

GRS %Z;‘{Ll ( )n Y —o(ApmcosmA + By, sinmA) Py, (cos0) (7.2)

where p, =5.517x10%kg/m? is the Earth's mean density.
The Residual Terrain Effect (RTE) on the geopotential is obtained by truncating the
series at a minimum degree n;:

n —
yrtmg oA r) = Yn=n, (%) n —o(ApmcosmA + By, sinmA) By, (cos6) (7.3)

a

T

36M
TPe

The relationship between the normalized terrain mass coefficients (4,,m, Bnm) and the
normalized terrain gravitational potential coefficients (CLL, Ster) is:

C_rtl%g = iTi—l nm» 5_15375 = iﬁ nm
These coefficients CLr, St represent the Stokes coefficients of the geopotentials
generated by the combined land topography and seawater compensation masses. They
define the Land-Sea Complete Bouguer Field in the spectral domain.
By substituting Eq. (7.4) into the standard spherical harmonic expansions for anomalous
gravity field elements, we derive the synthesis formulas for the Residual Terrain Effects on
various gravity field elements in external space:

e Height Anomaly ({™*™):

(7.4)

rtm —M3
( (9)/111‘) - TV Pe
. a\" 1 on , -
Yn=n, (;) iy 2m=0(AnmcOSMA + By SinmA) By (cos6) (7.5)

e Gravity (Anomaly/Disturbance) (g™™):

GM 3 n+1 [a\"
G, 4,7) = ST, o (2)
g7 (0,47) 2 p, annl 2n+1 \r

Y o(ApmcosmA + By, sinmd) B, (cos8) (7.6)
e Vertical Deflections (¢, prtm):

rtm — M3 o 1 (2)"
5 (81217’) - r2 Ype SlneZTL:nl 2n+1 \r

Y —o(ApmcosmA + By, sinm) :—gﬁnm (cosB) (7.7)
rtm — GM i o L ﬂ "
n(O, A1) = r25in6 ype Zn:nl 2n+1 (r)
1 M(ApmSinmA — By,,cosmA) By, (cosh) (7.8)
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e Radial Gravity Gradient (15t™):

GM 3 @ (n+1D)(n+2) fa\"

Vi, A1) = ;ZZWM% (%)

Y o(ApmcosmA + By, sinmd) P, (cos8) (7.9)

e Tangential Gravity Gradients (5™, yftm):
GM 3 woo 1 n
V™ (6,A,1) = — F;anl Py (%)
2 _
n —o(ApmcosmA + B, sinml) % Py (cosO) (7.10)
rtm _ __GM 3 oo 1 a n

Vow" (8, 4,7) = r3sin26 p, Zn:nl 2n+1 (r)

n 1 m?(ApmsinmA + By,,cosm) By, (cos6) (7.11)

Implementation Notes:

e Setting n; = 1 yields the formulas for the full Land-Sea Complete Bouguer Effect. The
degree-1 term is significant and must be retained.

e For high-precision applications involving short wavelengths, the Remove-Restore
technique is recommended: use the spherical harmonic model (Egs. 7.5 — 7.11) for the long-
to-medium wavelengths (n < n;) and rigorous spatial integration (Section 7.5.4) for the
residual short wavelengths (n > n,).

7.8 Unified Algorithms for Land-Sea Classical Bouguer and Isostatic Effects

7.8.1 Classical Reduction Method for Land Bouguer Gravity Anomalies

The Classical Planar Bouguer Gravity Anomaly is strictly defined on the geoid. It is
computed as the gravity anomaly on the geoid minus the gravitational attraction exerted by
all topographic masses external to the geoid on the surface gravity. The classical algorithm
is expressed as:

Agg = Ag — gR — 2nGph (8.1)
where:
Ag: Free-air gravity anomaly on the geoid.
—gR: Classical Planar Terrain Correction (g® represents the planar approximation of
the local terrain effect on surface gravity).
—2nGph: Bouguer Plate Correction (2mGph represents the planar approximation of the
spherical shell Bouguer effect on surface gravity).

In mountainous regions, the plate correction term is significantly negative, typically
resulting in negative Bouguer anomalies. Since observation points are rarely located on the
geoid, measured gravity must be analytically continued from the observation attitude down
to the geoid to obtain Ag. Only then can Eq. (8.1) be applied.

Thus, the general formula for computing the Planar Bouguer Gravity Anomaly
(referenced to the geoid) from ground or airborne observations is:

Agy = Ag* — g® — 2nGph — Ag* (8.2)
where Ag® is the gravity anomaly at the observation point; Ag€ is the analytical continuation
term for the gravity anomaly.

Similarly, for the Bouguer Gravity Disturbance:
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8gs = 8g° — g% — 2nGph — 6g° (8.3)
where: §g° is the gravity disturbance at the observation point, and §g¢ = Ag€.

Critical Implementation Note:

Regardless of whether data are acquired on the ground or from an aircraft, the Bouguer
Gravity Anomaly/Disturbance are defined exclusively on the geoid. Furthermore, the
topographic correction terms (g® and the plate correction) specifically represent the effect of
topography masses on surface gravity (gravity on the terrain surface), not on gravity at the
airborne altitude or on the geoid. Even when processing airborne data, g® in Egs. (8.2) and
(8.3) must be calculated as the local terrain effect on surface gravity.

7.8.2 Computation of Seawater and Unified Land-Sea Bouguer Anomalies
Over continents, topographic masses external to the geoid are removed (Land Bouguer
Effect). Over oceans, the density deficit of seawater relative to crustal rock is compensated
(Seawater Bouguer Effect).
The rigorous integral for the Seawater Complete Bouguer Effect on gravity
anomaly/disturbance is:

gy =2, |- |ds (8.4)
(R-a)"+12
where d < 0 is the bathymetry; § = p — p,, is the seawater compensation density; & is the
computation point elevation relative to the sea surface; r, is the geocentric distance of the
sea surface, ds is the area element on the sea surface; £ is the spatial distance from ds to
the computation point; and [ is the straight-line distance between ds and the projection point
of the computation point onto the sea surface.

Since both g® (Eq. 8.1) and g}’ (Eq. 8.4) are regional integrals:

e In nearshore waters, g® # 0 due to the influence of adjacent land topography..

e In coastal lands, gy’ # 0 due to the influence of adjacent ocean basins.

This necessitates a Land-Sea Unified Bouguer effect Algorithm. Noting that terrain
elevation h = 0 over the ocean and bathymetry d = 0 over land, the integration domains for
gR® and g}’ are disjoint yet seamlessly contiguous. Summing these integrals yields the unified
formulas for the Bouguer gravity anomaly and disturbance:

Agg = Ag® — g® — 2mGph — gy — Ag® (8.5)
69 = 89° — g~ — 2nGph — gy — 69° (8.6)

Defining the total Classical Bouguer Effect on Gravity as:
9% =gp + gy = g% + 2nGph + gy (8.7)

it follows that the classical Bouguer correction is unified for both gravity anomalies and gravity
disturbances across land and sea.

7.8.3 Land Airy-Heiskanen Crustal Isostatic Effect
Large negative Bouguer anomalies in mountainous regions suggest compensation by
mass deficits (roots) in the underlying mantle (magma layer). The Airy-Heiskanen Isostatic
Model assumes:
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e Floating Crust: Mountains (density p =2.67x10%g/m?) float on the denser mantle
(mantle density p;=3.27x10%kg/m?3).

e Root Formation: Topographic elevations h are compensated by mountain roots of depth
b extending into the mantle.

e Hydrostatic equilibrium: The mass of the root compensates the topographic load:

bApy =poh = b=1Th=445h (8.8)

where Ap; = p; — p = 0.6x103kg/m?3.

The Crustal Isostatic Effect (g,) is the gravitational attraction of this compensating root

mass (which fills the density deficit). It generally opposes the sign of the Bouguer effect. With
the z-axis vertical and origin O at sea level the effect is expressed as:

g91=—Gnp, [f, [ = dzdo (8.9)
Note: The negative sign indicates the direction relative to the removal logic; physically,
the root adds mass, increasing gravity compared to the Bouguer-reduced field.

z

7.8.4 Calculation of Marine and Unified Land-Sea Isostatic Gravity Anomalies

The oceanic column consists of a low-density seawater layer (p,, =1.03x10%kg/m?) and
an oceanic crust layer with density p. The combined weight of these layers is insufficient to
balance the buoyancy force from the underlying mantle (magma), necessitating an upward
displacement of mantle material into the oceanic region, forming an anti-root.

Compensation for the seawater density deficit (8 = p — p,, =1.64x10%kg/m?) generates
the Seawater Bouguer Effect, as defined in Eq. (8.4). Let d denote the bathymetry (depth).
After accounting for seawater compensation, the hydrostatic equilibrium condition for the
oceanic anti-root depth b’ is:

b'Ap, =Bd = b’ = %d = 2.73d (8.10)
1

Just as the land mountain root requires mass compensation, the oceanic anti-root
represents a mass excess that must be removed to achieve isostatic equilibrium.
Consequently, the Oceanic Crustal Isostatic Effect (g7) generally opposes the sign of the
Seawater Bouguer Effect. It is expressed as:

g7 = —Gbp, [ f;_b,zg—f’dz do (8.11)

Note: The integration limits reflect the anti-root extending upwards from the
compensation depth D towards the seabed.

Since both the Land Isostatic Effect (Eq. 8.9) and the Oceanic Isostatic Effect (Eq. 8.11)
are regional integrals:

e In nearshore waters, the land isostatic effect is non-zero (influence of distant land
roots).

e In coastal land areas, the oceanic isostatic effect is non-zero (influence of distant
oceanic anti-roots).

This necessitates a Unified Land-Sea Crustal Isostatic Algorithm. Following the same
logic as the unified Bouguer algorithm:

e Over the ocean (h =0), there is no land root; thus, the land isostatic integral
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contributes zero over oceanic cells.

e Over land (d = 0), there is no oceanic anti-root; thus, the oceanic isostatic integral
contributes zero over land cells.

The integration domains are disjoint yet seamlessly contiguous. Summing the two
integrals yields the unified formulas for the Isostatic Gravity Anomaly (Ag;) and Isostatic
Gravity Disturbance (dg;):

Ag; =Ag® — g% — g1 — g7 —Ag® (8.12)
891 =69°—9°— 91— 97 —89° (8.13)

Defining the total Classical Unified Land-Sea Isostatic Effect as:
g =g +gf (8.14)

Terrain surface

Land computation point
% sea computation point

Mean sea level

Seafloor

The Geoid

Moho surface

Apy~ 3.27

oceanic/anti-root
Magma surface

VA % /

Mountain root /| ~~

Magma surface

Apy~ 3.27

Moho surface

Figure 7.6: Calculation Principle for Unified Land-Sea Bouguer and Isostatic Effects on Surface
Gravity

7.8.5 Physical Interpretation of Sign Conventions for Bouguer and Isostatic Effects

The sign conventions for these effects are derived from their physical mechanisms:

(a) Land Bouguer Effect (g, > 0): Involves removing the excess topographic mass
external to the geoid. Since topography attracts gravity positively, removing it requires a
negative correction to the observed gravity. Conversely, the "effect" value g, (the magnitude
of the terrain attraction) is positive. In the reduction formula Agy = Ag — g5, a positive g5
reduces the anomaly.

(b) Seawater Bouguer Effect (gp < 0): Involves compensating the seawater density
deficit (replacing water with rock). This adds mass, increasing gravity. However, relative to
the land convention, or considering the deficit nature, the effect is defined with an opposite
sign in the unified framework.

(c) Land Isostatic Effect (g; < 0): Involves filling the root deficit with compensating mass.
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This adds mass (increasing gravity), opposing the removal logic of the Bouguer effect. Thus,
its sign is opposite to that of the Bouguer effect.

(d) Oceanic Isostatic Effect (g7 > 0): Involves removing the excess mass of the anti-root.
This reduces mass (decreasing gravity), opposing the addition logic of the seawater Bouguer
effect gy’.

e Summary of Signs (as illustrated in Figure 7.6):

Land Bouguer Effect: Positive (+); Seawater Bouguer Effect: Negative (-); Land Isostatic
Effect: Negative (-); and Oceanic Isostatic Effect; Positive (+).

e Magnitude Relationships:

Principles of isostasy dictate that the compensation is partial or local.

o Onland: |gp| > |g;1- The effects partially cancel, making the Isostatic Anomaly smaller
than the Bouguer Anomaly.

o Atsea: |gy| > 1g7|. Similarly, the effects partially cancel.

Consequently, Isostatic Anomalies are generally smoother and smaller in magnitude
than Bouguer Anomalies in most regions.

® Equivalence of Topographic Effects on Gravity Field elements

e Invariance Principle: Given the invariance of the normal gravity field, various terrain
effects on gravity disturbance and on gravity anomaly are strictly equal to the effects on
gravity itself.

e Implementation Note: Software modules computing Local Terrain Effects, Helmert
Condensation, Unified Bouguer Effects, Unified Isostatic Effects, or Residual Terrain Effects
need not distinguish between anomalies and disturbances; the computed topographic
correction value is the same for both.

Critical Mathematical Distinction:
While various terrain effects on § g and Ag are equal, their relationship does not satisfy

the fundamental equation of physical geodesy (which relates vertical derivatives). The
relationship between the terrain effects on gravity anomalies and those on height anomalies
are governed by the Hotine Formula, not the Stokes Formula.

7.9 Integral Algorithm Formulas for the Anomalous Earth Gravity Field

While the global gravity field is typically modeled in the spectral domain, spatial integral
algorithms are essential for local gravity field approximation. To perform integration over a
finite radius in local regions, the Remove-Restore Method, based on a reference global
geopotential model, is standard practice:

(1) Remove: Compute and subtract the model values of the anomalous field elements on
the boundary surface to obtain residual field elements.

(2) Integrate: Apply a spatial integral algorithm with a finite radius to these residuals to
derive the target residual field element at the computation point.

(3) Restore: Add the model value of the target element at the computation point to obtain
the final local approximation.
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7.9.1 Generalized Stokes and Hotine Integral Formulas
Given the gravity anomaly Ag on the geoid or an external equipotential surface S the

disturbing potential T or height anomaly ¢ at an external point T(8, A, r) is computed via the
Generalized Stokes Integral:

T(0,A,1) =yI(6,A,71) =ﬁ If, 4g'S(r,¥,7")ds (9.1)
where r' is the geocentric distance of the moving element ds, and S(r,y,r") is the

Generalized Stokes Kernel:

S(r,p,r") = 1_3L_sricosy 3LCOSI/)I T cosys C;;Swﬂ“ (9.2)

where L being the Euclidean dlstance between the computation and moving points.
Singularity Handling: When the computation point coincides with the moving point, the
integral becomes singular. The analytical value for this singular term is:

<lo =22Ago 9.3)
where A,, Ag,, and y are the area, gravity anomaly, and normal gravity at the computation
point, respectively.

Similarly, given the gravity disturbance 6g on S , the Generalized Hotine Integral is used:

T(0,47) =¥3(0,A7) = [, 8g'H(r,p,")ds (9.4)
where the Generalized Hotine Kernel H(r,y, ') is:

H(r,r") =2——In

r—r'cosp+L
r(1—-cosy)

(9.5)
The corresponding singular value is:
A
{lo = 70590 (9.6)
FFT Implementation: By approximating the geocentric distances r and r’ as constant
mean values, these integrals transform into convolution forms, enabling rapid computation
via the Fast Fourier Transform (FFT) algorithm.
Note: The Stokes boundary value problem strictly requires the boundary surface S to
be an equipotential surface (e.g., the geoid which can be constructed from a global

geopotential model up to degree ~360). For equipotential surfaces within an altitude of 10
km, a normal (or orthometric) equiheight surface may serve as a valid approximation.

7.9.2 Generalized Vening-Meinesz Integral Formulas
Taking horizontal derivatives of the generalized Stokes formula (9.1) in a local horizontal
coordinate system yields the Generalized Vening-Meinesz Formulas for vertical deflections

&, m):

- ff 6S(r1,br )61,bd n= e ffs Ag' 6S(g$r )61,bd 9.7)
From the relation:
cosy = singsing’ + cosgcosp’'cos(A’ — 1) (9.8)
taking horizontal derivatives on both sides gives:
—sinlpg—z = cos@sing’ — singcosg’cos(A' — 1) (9.9
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—simp% = cos@cos@’'sin(A' — 1) (9.10)

Using spherical trigonometric formulas:

simpcosa = cos@sing’ — sinpcosg’cos(A' — 1) (9.11)
simpsina = cos@'sin(A' — 1) (9.12)
Combining Equations (9.9) through (9.12), we have:
o _ oy _ .
9, = —Cosa, o= —cospsina (9.13)

Substituting into Equation (9.7) yields:

_ ,0s(rap,r’) _ ,0S(rpr’) .
$= If. 4 —oy Cosads, 1= Jl; 49’ = y Sinads (9.14)
Considering = /T2 + "2 — 2r1’cosy, we have:
i) rr’ ., 2 (1 19
ﬁL—TSlnll), ﬁ(Z) = _L_zﬁL ——Slnlli (915)
a r—r'cosp+L _ 1 rr’ . ;. _ _ risimp  L+r
ﬁ In 2r - r—r’c051/1+L( L sin +r Slm/}) T r+L-r'cosyp L (9'16)
2 l _ 3L 5ricosp  3r'cosyp, r—r'cosy+L
oSy = oo (G4 r -G -t Tl )
_ 02 39 5r'siny " 3r'siny lnr+L—r’c051/1 _ 3r’cos1pil r+L-1'cosy
Iy r2 61/} r? r? 2r rz2 oY 2r
_ (2’ 3 SL r—r'cosp+L _ 3r'cosy r! L+r
- ( L3 rL r2 l 2r r2  r-r'cosp+L L )Slnd)
_[_2r 3 5 3, r-r "cosyp+L _ 37/ (L+r)cosy ;.
- [ L3 1L + r2 + r2 ln 2r r2L(r-r'cosp+L) r Slnll) (9'17)
Similarly, deriving from the Hotine formula (9.4) using gravity disturbances dg:
,aH(Tll) r) ,BH(rw r')
= L |, 69'— —cosads, n= pr— L . 6 sinads (9.18)

. o, sin+r'siny |r(1—cosp)+(r—r'cosp+L)rsiny
Since: ilnr r'cosp+L _ r(1-cosy) ( )

oY r(1—cosy) r—r'cosp+L r2(1—cosi)?
L+7_, ,

_ sing 7 (A—cosp)+(r—r'cosp+Ll) ' (L+r) ' 9.19

- r-rlcosiptL 1-cosyp ~ Lo—r'cosp+L)L 1—C0$1l1] siny (9.19)

d (2 1, r-r'cosp+L 92 13 r—r'cosyp+L
Therefore: —H(r Y,r’) = ( —) =l T n—r(l—coszp)

61/) L r(1—-cosy)

L-r 1 .
- [_ L_3 - (r—r'cosy+L)L r’(l—cost[))] Slnll) (9'20)

These formulas allow the computation of vertical deflections at any point on the Earth's

surface or in external space from gravity anomalies or disturbances defined on an equi-
potential surface. Like the Stokes/Hotine integrals, they can be accelerated using FFT under
the constant-radius approximation.

7.9.3 Poisson Integral Algorithm and Applications

The Poisson Integral solves the First Boundary Value Problem (Dirichlet Problem),

performing analytical continuation of an anomalous field element u (e.g., §g or {) from a
source surface S to a target surface D at a different attitude:

ds (9.21)

1 roqr o 2-
u(@,Ar) =—[ (02,7 =

Singularity neutralization:
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When r - r’ (computation point on the source surface), the kernel becomes undefined
(0/0) and singular (L — 0). To resolve this, we apply an identity transformation (Hofmann,
2006) to obtain the Modified Poisson Integral:

wO,AT) =S a0, + = [, [u(0, X',r") — u(8', 2, 1)) 1~ ds (9.22)
Here, the difference term [u — u'] - 0 as L — 0, effectively neutralizing the singularity of
the kernel and ensuring numerical stability.
Application to Gravity Gradients:
The radial disturbing gravity gradient T,.. can be derived by taking the radial derivative
of the Poisson integral for gravity disturbance dg.
Applying the Poisson integral to the gravity disturbance &g yields:

_rl2
6g(6,/1,r)=$ [f, 69'——ds (9.23)

G}

Considering T, = %(5 T) = —% (69), taking the radial partial derivative of both sides

of Equation (9.23) gives:

_ 1 , 0 r2-1r'2
Trr - 4—71'1‘ff5 6‘9 aor L3 ds

_ _ff ,r3=511"24(r2 +3r’2)r’2coswd (9.24)

anr LS
Similar modification technlques (subtracting the computation point value inside the

integral) should be applied to Eq. (9.24) to suppress singularities when computing gradients
on or near the source surface.

7.9.4 Forward and Inverse Integral Operations for the Anomalous Gravity Field
(1) Computing Gravity Disturbance from Height Anomaly
Differentiating the Poisson integral for the disturbing potential T along the vertical
direction yields the gravity disturbance § g :

_or ya( y ¢- <'p
=o. & f f ds (9.25)

where dn denotes differentiation along the vertlcal dlrectlon, and [ is the straight-line distance
between the computation point and the moving element on the equipotential boundary.

Singularity: When the computation point coincides with the moving point, the singular
value is:

8glo =112 (7, 4y, (9.26)
where (., {,, are the second-order horlzontal derivatives of the height anomaly.
Eq. (9.25) is known as the Inverse Hotine Integral. It computes gravity disturbance on
an equipotential surface from height anomalies defined on the same surface.
Note: The boundary must be an equipotential surface.
(2) Computing Gravity Anomaly from Height Anomaly
Substituting the fundamental equation of physical geodesy into Eg. (9.25) yields the

Inverse Stokes Integral:
_ )/ ¢— cp (_]/
Ag = -] > (9.27)
This formula derives gravity anomaly from helght anomaly on an equipotential surface.
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(3) Computing Height Anomaly from Vertical Deflection
{= éffc ctg % (écosa + nsina) do (9.28)
Singularity:
Clo =22 (& +12) (9.29)

where ¢,, n, are are the cross-derivatives of the vertical deflection components.
(4) Computing Gravity Anomaly from Vertical Deflection

Ag = — ﬁffg (3CSC1/) — csczpcsc% —tg %) (écosa + nsina) do (9.30)
Singularity:
4gly = -1 (g, + 1) (9.31)

(5) Computing Gravity Disturbance from Vertical deflection Integral
Combining the fundamental differential equation with Eqgs. (9.28) and (9.30) yields:
5g=—~+

4m
I, (SCSCI,D - cscz,bcsc% - tg% — 2ctyg %) (écosa + nsina) do (9.32)
Singularity:

5glo = =L (Vmdy +22) (& +n2) (9.33)
Egs. (9.28), (9.30), and (9.32) constitute the Inverse Vening-Meinesz Integrals. Under
the constant-radius approximation (r =const), all inverse formulas (9.25 — 9.32) can be
efficiently computed using the FFT algorithm.
(6) Forward and Inverse Computation of Disturbing Gravity Gradients
Forward (Gradient to Disturbance): Compute §g at an external point from T,,. on an
equipotential surface using the Generalized Hotine Integral:

89(6,A,1) = ﬁ [, TeH(r,p,r")ds (9.34)

Inverse (Disturbance to Gradient): Compute T,.. on the surface from &§ g via the radial
gradient integral:

= [ 209 gs (9.35)

@ Optimization Strategy:
Optimal combination of these algorithms with "1-to-2-step residual cumulative approxim-
ation" scheme can enhance the accuracy and stability of boundary value problem solutions
and short-wavelength field approximations.

7.9.5 Analytical Properties of Gravity Field Integral Kernel Functions
The kernel functions depend on the straight-line distance [, expressible via the spherical
angular distance 1. Two major challenges arise in numerical integration:
e Spectral Leakage: Due to convergence issues in the kernel functions.
e Singularity: When the computation point lies on the boundary surface (y — 0), leading
to resolution-dependent jumps in numerical results.
(1) Analysis under Spherical Approximation (' = r = R):
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Let I = 2Rsin(y/2). The kernel functions on the boundary sphere are:
e Stokes Kernel:

SW)=R-SR,Y,R) =sintL4+1- 6sin% — 5cosy — 3cosypln

Yy 1—cosyp+2sin(y/2)
2

2

=1+sin7! % — 6sin% — 5cosy — 3cosyln (sin% + sin? %) (9.36)
e Hotine kernel:
H@) =R-HRY,R) =2—In(1+ sin-1§) (9.37)
e Vening-Meinesz Kernel (Derivative of Hotine):
P
_9 _1_ctay
Van = G HW) =30 (9:38)

As shown in Figure 7.7, all three kernels diverge to infinity as ¥ — 0 (S,H,V — ),
necessitating singularity handling.
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Figure 7.7: Curves of Major Gravity Field Integral Spherical Kernel Functions

(2) The Poisson Kernel Instability:

For the Poisson integral (Eq. 9.21) used for same-type continuation:

o If r =1, the kernel P(y)) = (r? — r'?) /L3 becomes identically zero/undefined.

e If points coincide (L — 0), it becomes singular (0/0 form).

Consequently, direct Poisson integration on the same surface is numerically unstable.
Effective analytical continuation requires restricting the integration range and employing
modified forms (e.g., Eq. 9.22) to neutralize singularities.

(3) Recommendation on Kernel Modification:

While the Poisson integral theoretically underpins Stokes, Hotine, and Vening-Meinesz
solutions, its severe high-order oscillations and non-convergence on the boundary introduce
uncontrollable uncertainties. Historically, two approaches were used to mitigate this:

e Assuming isotropic random statistical properties for residual fields.

e Kernel Modification: Altering kernel functions based on spectral approximations.

However, these modification techniques rely on assumptions (statistical or data-driven)
that lack a rigorous foundation in analytical gravity field theory, compromising their
universality. Consequently, PAGravf4.5 does not recommend the use of gravity field integral
kernel modification algorithms.

Despite numerical challenges, spatial integral formulas remain indispensable for
explicitly expressing the analytical relationships between gravity field elements, serving as
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the cornerstone of physical geodesy and gravity field approximation theory.

7.10 Spherical Radial Basis Function Algorithms for Gravity Field Approximation

Classical spatial gravity field boundary value theory relies on a single type of observation
gravity field element on a single boundary surface. In contrast, spectral domain gravity field
approximation theory does not involve boundary surfaces or boundary value conditions. It
can directly approximate the all-element gravity field using multi-source heterogeneous
observations via the Least Squares Method, making it the mainstream approach in modern
physical geodesy. This section introduces the theory and methodology of Spherical Radial
Basis Function (SRBF) spectral domain approximation.

7.10.1 Representation of the External Disturbing Potential Using SRBFs
The disturbing potential T(x) at an external point x can be expressed as a linear
combination of fully normalized surface spherical harmonics:

T@) = 250 () Shen BT () (10.1)
where x = r- e = r(sinfcosA, sinfsinl, cos8) represents geocentric spherical coordinates
(6,A,1); E,,,, are the fully normalized Stokes coefficients (geopotential coefficients); and a is
the Earth's semi-major axis. The the normalized surface spherical harmonic basis functions
Y,.m(e) are defined on the sphere of radius a:

Yym(€) = P,y(cos8)cosmd, E,, =8Chpm, m=0
Yom(€) = Ppjm (cosO)sin|lm|A, Fypm = Spjm), m <0 (10.2)
where P,,,,(cos@) is the fully normalized associated Legendre function; n is the degree and
m is the order of the geopotential coefficients.
Equivalently, these basis functions Y,,,(e) can be defined on a Bjerhammar sphere of

radius R. Thus, T(x) can also be written as:

n — —
T(x) = g g:l (g) Th=-n Enmynm(e) (10.3)

Here, R € (a — &,a + &) with § < a. The relationship between coefficients is a"F,,, =
R"E,., and the surface spherical harmonics basis functions {¥,,,,(e)} in Equations (10.3)
and (10.1) is identical.

Alternatively, T(x) can be represented as a linear combination of K Spherical Radial
Basis Functions (SRBFs):

T(x) = XK di @i, x,) = T2 BK di @i, i) (10.4)

where:

x;, = R - e,: The SRBF node (center) on the Bjerhammar sphere.
Y. The spherical angular distance between x; and x (the argument of the SRBF).
dy: The SRBF coefficient.
K: The number of nodes, i.e., the number of SRBF coefficients, determining the spatial
resolution.
d, (x,x,) = @ (x,9,): The radial basis function for the disturbing potential, which can
be abbreviated as @, (x) = &, (x, x;).
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The SRBF can be expanded into a Legendre series:
2n+1

(0, 2) = Pt p) = SNoy $uPai0) = TN 22 B, (2) B (10.5)
where ¢, is the n-th degree Legendre coefficient (or shape factor), characterizing the
spectral properties of the SRBF, and u = R/r is the bandwidth parameter.

Note that N (maximum degree) and K (number of nodes) are independent parameters.
The N in Equation (10.5) is the maximum degree of the Legendre functions. Although it is
the maximum degree in the surface spherical harmonic expansion of the disturbing potential
(Equation 10.3), there is no explicit functional relationship with K, the number of SRBF
coefficients representing spatial resolution.

Substituting Eqg. (10.5) into (10.4) and applying the Spherical Harmonic Addition
Theorem:

Paic) = Pa(e,€) = 5o Xt V(€)Y (e) (10.6)
G R\"
T(x) = T SN (2n+ 1B, (%) Zh_y dicPa(p)

n

= K d SN 2n+ DB (T) P (10.7)
n — —
T() = 20301 By (2) Zheon DKot i (@) P (er) (10.8)
yields the relationship between geopotential coefficients and SRBF coefficients:

— R\ — R\ K —

Fom = (z) Enm = By (Z) k=1 Ynm(ex) (10.9)

This relation holds for global domain (¥, € [0,7)). For local gravity field approximation,
Y, acts analogously to the integration radius in spatial methods. The distribution and number
K of SRBF centers determine the spatial degrees of freedom.

7.10.2 Suitable Spherical Radial Basis Functions for Gravity Field Approximation
SRBFs must satisfy Laplace's equation (4® = 0). Common harmonic kernels include
the Point-Mass kernel, Poisson kernel, Radial Multipole kernel, and Poisson Wavelet kernel.
(1) Analytical Forms and Normalized Representation
Let x be the computation point and x; the SRBF node on the Bjerhammar sphere Q5.
e Point-Mass Kernel: An inverse multiquadric (Newtonian) kernel.

1 1

(DIMQ(x' Xy) = I

where: L is the spatial distance from x; to x. The point-mass function is also known as the
Newtonian kernel function. Since A(1/L) = 0, the point-mass kernel function @, (x, xi)

satisfies Laplace's equation.
e Poisson Kernel: Derived from the Poisson integral.

(10.10)

0 2_,.2
Pp(x,x) = =215 (1) =7 = (10.11)
e Radial Multipole Kernel (Order m):
1 /0 \™1
Drm (x, %) = oo (a—rk) 7 (10.12)

Note: m = 0 yields the point-mass kernel: @, (x, x) = @2, (x, x;.).
e Poisson Wavelet Kernel (Order m):
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Oy (. 0) = 20tmes — ) Xm = (rine) + (10.13)
Tk L
Note: m = 0 yields the Poisson kernel: @, (x, x;) = @5, (x, x.).
(2) Computation of Spherical Radial Basis Functions
To highlight spectral properties and simplify multi-type data processing, SRBFs can be
computed via their normalized Legendre series. A normalization coefficient @° is defined by
evaluating the series at ¢y, = 0 (B,(1) = 1):
OO = yN_ T Bt
The Normalized SRBF is then:
2n+1

D (%, %) = 25 TN_1 b Pu(P) = o5 BNy T B P () (10.15)

This normalization preserves the linear functlonal relationships between different gravity
field elements (e.g., potential, anomaly, and disturbance).

(10.14)

Table 7.2: Disturbing Potential Spherical Radial Basis Functions and Their Legendre Coefficients

SRBF Type Analytical Form @, | Legendre Coeff. ¢, | Parameter B,

Point mass 1__1 n 1
kernel L -l H an+1
2_,.2
Poisson kernel u L;" @n+ Du* 1
Radial multipole 1/09\™1 m n—m o
—(Z) = > n_,-m
kernel (m) m! (ark) L Cr'n (n=m) 2n+1

' 2(Xm+1 — Xm)
Poisson wavelet m+1 m) B - , ~ "
kernel (m) m = ( i) 1| (i)™ @2n+ Dp (—ninw)

= |71 -
k Brk L

(3) Series Representation of Various Anomalous Field elements Using SRBFs

Based on the definitions of anomalous field elements, the parameterized forms of
SRBFs for other field types can be derived from the SRBF expansion of the disturbing
potential (Eg. 10.6). By applying appropriate differential operators, we obtain:

e Disturbing Potential (Height Anomaly):

GM g R\
T(x) = y{(x) = T K di T 20+ DB (3) P (10.16)
e Gravity Disturbance:
8g(x) = =L = PLSK 4 T @n+ D+ DB, (2) P (10.17)
e Gravity Anomaly:
n-1
Ag(x) = 3K di T 20+ D= DB, (2) P (10.18)
e Vertical Deflection Components (¢: North-South, n: East-West):
— 3Pn(1lfk)
00 = s M _$K_ d, cosay Y (2n + 1)B, (T) ny (10.19)
— aPn(lpk)
nx) = o SM_SK_ d, sina, Y (20 + 1)B, (T) oy (10.20)

e Radial Disturbing Gravity Gradient:
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GM K R n-—1
T (%) = o BK 1 i T @+ D+ D+ 2B, (5) P (10.21)
where u = R/r is the bandwidth parameter, and «,, is the geodetic azimuth of ;.
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Figure 7.8: Calculation of curves of the four normalized SRBF types

Parameter Selection for Local Approximation:

In local gravity field modeling, a Remove-Restore technique is typically employed:
medium-to-low frequency signals are removed using a reference global geopotential model,
and residuals are approximated regionally. Consequently, the spectral bandwidth (range of
degree n) and the domain of the argument ¥, in Egs. (10.16) — (10.21) depend critically on:

e The chosen reference global geopotential model.

e The target regional gravity field structure.

e The desired spatial resolution (controlled by the number of SRBF nodes K or the
Reuter grid level Q).

These parameters should be optimized through empirical testing with actual gravity field
observation data in target region.

(4) Reuter Grid Construction and Adaptive SRBF Node Design

A Spherical Equal-Area Reuter Grid provides a globally and regionally consistent
framework for node distribution. Given a grid level Q, SRBF nodes (centers) are constructed
such that their spatial density adapts to the distribution of observations. The level Q acts as
the spatial resolution indicator, analogous to the maximum degree N,,, of a global
geopotential model.
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e Unit Sphere Reuter Grid Algorithms
For an even integer level Q, the geocentric latitude interval de and the latitude ¢; of the
i-th row center are:

T b4 . 1 .

The number of cells J; along the parallel at ¢;, the longitude interval d1;, and the
approximate side length di; are:

_ [[2mcose;]| _ ) _:2_1t
Ji = [522] = 12Qcospid, dai =7
where [-] denotes the floor function. Note that di; = de.

The relative area deviation ¢; from the equatorial cell area ds is:

__dsi—ds _ dli-de _ di; _
G = T T T ap COSP 1 (10.24)

Typically, ¢; is negligible (order of 10-4), ensuring near-perfect equal-area properties. For
regional applications, indices i and J; are restricted to the target latitude/longitude bounds,
avoiding global grid computation.

e Adaptive SRBF Center Design

PAGravf4.5 implements an adaptive algorithm to align SRBF nodes with observation
distribution density:

o Construct a regional Reuter grid at level Q.

o Count the number of effective observations j within each grid cell containing a
potential SRBF node.

o Pruning Rule: If j is below a user-defined minimum threshold, the corresponding
SRBF node is discarded.

o The remaining nodes form an adaptive SRBF network.

This ensures that SRBF node distribution mirrors observation distribution: regular grids
yield regular nodes; irregular or clumped observations yield irregular nodes.

Global Node Count Estimate:

Setting Q = N4, the total number of SRBF nodes K for a global grid satisfies:

K = Z?:lji = Z?:l[[ZQCOS¢i]] > Nmaxn(Nmaxn + 2) (10-25)

Thus, the number of SRBF coefficients slightly exceeds the number of spherical
harmonic coefficients for equivalent resolution.

, dl; = dA;cos; (10.23)

7.10.3 Local Gravity Field Approximation Using the Spectral Domain SRBF Method
Gravity field approximation is essentially a linear spatial transformation. Removing
constant factors (GM/(4rm)) and common radial terms (1/r) simplifies the observation
equations without altering analytical relationships. Egs. (10.16) — (10.21) simplify to:

S0 = Bhoy dic T (20 + DBy (i) (10.26)
8g(x) = 2 XK die Ty 20 + 1) + DB P, (Y1) (10.27)
Ag(x) = = ¥K_; di T 20+ 1)(n — DB By () (10.28)

n 9Pn(¥i)

1
§(x) = Xk dye oS Yin (20 + 1)Bo™ =3

(10.29)
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1 . ap,
M) = =Ty dy sinay Tn (2n + 1) By 2200 (10.30)

0Py
Trp (%) = 5 2Ky di B 20+ D (n+ 1) (0 + 2) Bt B, () (10.31)
Substituting the specific B,, from Table 7.2 yields the fundamental observation equations:
L={Fx)} =A{d,}"+¢ (i=1,-,M;k=1,-,K) (10.32)

where M is the number of observations, K is the number of SRBF centers, and:
L ={F(xy),,F(xy)}": Vector of observed (residual) field elements.
d = {d,,,dg}": Vector of unknown SRBF coefficients.
A: The M x K design matrix, containing the SRBF functions.
&: The M x 1 observation error vector
e Technical Constraint: Uniform Action Distance
To ensure spatial consistency in the approximation quality, a critical requirement in
constructing Eq. (10.32) is that all SRBF centers share an identical Action Distance (or
Influence Radius) d r .
o Definition: An observation at x; is influenced only by SRBF nodes k satisfying y; , <
dr/R.
o Implication: The support domain of SRBFs is truncated uniformly. This parameter d r
is conceptually equivalent to the integration radius in spatial local gravity field methods.

7.10.4 Parameter Estimation via Grouped Synergistic Adjustment of Multi-Source
Heterogeneous Observations

Observations of gravity field elements exhibit distinct spatial distributions and sensitivity
characteristics relative to Spherical Radial Basis Function (SRBF) coefficients. Consequently,
the design matrices (sensitivity matrices) within their respective observation equations often
possess disparate structural features. Formulating separate normal equations for each
observation type and combining them through standard Variance Component Estimation
(VCE) frequently results in unstable solutions for the SRBF coefficients due to ill-conditioning.

To address this numerical instability, a Grouped Synergistic Adjustment strategy is
employed:

(a) System Grouping: Observation equations are partitioned into distinct groups based on
their sensitivity patterns (design matrix A) to SRBF coefficients. Observations across different
groups are statistically independent, while the design matrices within a single group exhibit
homogeneity. Each partition constitutes a distinct Observation System.

(b) Normalization: Normal equations for each system are formed via the Least Squares
Principle and subsequently normalized to eliminate magnitude discrepancies arising from
differing physical units or sensitivities.

(c) Weighted Combination: System weights are assigned based on observational quality.
The normalized normal equations are weighted and summed to form a Combined Normal
Equation:

T (P ATPLAL) ()T = B (2 ATPiLy) (10.34)

where:
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k=1,-K: Index of the observation system; K denotes the total number of system
groups..

d = {d,}": Vector of unknown SRBF coefficients.

A, Py, L, . Design matrix, weight matrix, and observation vector for system k,
respectively.

Qx: Normalization parameter, defined as the Root Mean Square (RMS) of the diagonal
elements of AL P,A, . This factor mitigates scale differences in sensitivity between
disparate observation systems.

wy: System weight, reflecting the relative quality of system k compared to others.

Key Properties:

e Independence: The internal weights P,; affect only system k. Normalization via Q,
ensures that systems with sparse observations do not lose sensitivity when combined with
dense systems.

e System Weight Determination: The weights w,, are estimated via a simplified Iterative
VCE process:

o Initialization: Set w;,, = 1 and solve for preliminary SRBF coefficient vector d.

o Variance Estimation: Compute the posteriori variance o7 for each system using
observation residuals.

o Influence Propagation: Estimate the influence of 67 on the unknowns (approximated
via error propagation):

~ 1 ~ -1
Grs = maﬁ, wi = (Zs625) (10.35)

where s indexes the SRBF coefficients.
o Iteration: Update w;, and resolve. This process typically converges within one iteration.
Note: One may analyze the variance function curves 67, with s as the independent
variable across different systems to optimize system weights based on specific sensitivity
requirements.

7.10.5 Zero-Constraint Method for SRBF Coefficients at Distant Outer Boundaries
In local gravity field approximation, Outer Boundary Constraints are necessary to
suppress edge effects and stabilize the solution in regions with sparse data.
Methodology:
[ATPA + €E]{d,}T = ATPL (10.33)
where:
E: A diagonal constraint matrix. =,, = 1 if node v is at or outside the boundary of
target region; otherwise 0.
e: A scaling factor, defined as the reciprocal of the RMS of the diagonal elements of
ATPA , ensuring numerical balance between data and constraints.
Advantages: The addition of boundary conditions can weaken the need for Tikhonov-type
regularization, which might otherwise distort the analytical relationships between field
elements. Thus, the intrinsic functional relationships derived from potential theory are
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preserved.

7.10.6 Cumulative SRBF Approximation Scheme for Residual Gravity Field elements
From a signal processing perspective, the target field element is effectively the
convolution of the observed field element and the SRBF filter kernel. When the target and
observed elements differ in type (e.g., approximating gravity anomalies from gravity
gradients), a single SRBF function often fails to simultaneously match the spectral center
and bandwidth of both elements. This mismatch can lead to spectral leakage, degrading the
fidelity of the target field reconstruction. Furthermore, SRBF approximation performance
depends on multiple factors beyond the Bjerhammar sphere burial depth R ( or bandwidth
parameter u = R/r), including:

e The specific SRBF kernel type (Poisson, Radial multipole kernel, etc.).

e The spectral truncation limits (1,,,i7, max)-

e The Reuter grid level (Q) and node distribution.

e The effective action distance.

Consequently, optimizing SRBF coefficients solely by tuning the bandwidth parameter u
is insufficient to guarantee an optimal solution.

(1) Proposed Solution: Cumulative SRBF Approximation

To address this limitation, we propose a Cumulative SRBF Approximation Scheme
based on the linear additivity of gravity field functionals. Unlike traditional methods that seek
a single optimal u , this scheme employs a multi-step iterative strategy:

e Multi-Spectral Fusion: Each approximation step utilizes SRBFs with distinct spectral
characteristics (different centers and bandwidths).

e Parameter Flexibility: Individual steps do not require a fixed, globally optimal
Bjerhammar radius R or u .

e Signal Resolution: By accumulating contributions from multiple spectral bands, the
method can fully resolve the target field's signal content, mitigate spectral leakage, and
achieve superior approximation accuracy.

(2) Algorithmic Interpretation

Each step in the Cumulative SRBF method functions equivalently as a Remove-Restore
process:

e Remove: The residual field from the previous step serves as the input.

e Restore: The current SRBF approximation models a specific spectral band of the
residuals.

e Update: The new approximation is added to the cumulative model, updating the
reference field for the next iteration.

This approach ensures that complex gravity field signals, which cannot be captured by
a single scale parameter, are reconstructed progressively and robustly.

(3) Quantitative Criteria for Single-Step Effectiveness

The validity of each iteration within the cumulative scheme is governed by two simple
and intuitive criteria:
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e Spatial Regularity & Minimization: The target field element grid should remain spatially
continuous and differentiable, and the standard deviation of residual observations is as small
as possible.

e Convergence Behavior: As cumulative steps proceed, the statistical mean of the
residual observations must converge toward zero without exhibiting significant sign reversals
(indicative of over-correction or instability).

(4) Distinctive Technical Features of the PAGravf4.5 SRBF Module

(@) Strict Analytical Consistency and Error Immunity:

The approximation scheme strictly adheres to the intrinsic analytical functional relation-
ships between gravity field elements. The approximation performance is mathematically
decoupled from random observational errors, guaranteeing the internal consistency of the
physical-mathematical model.

(b) Direct Full-Space, All-Element Modeling Without Traditional Pre-processing:

Capable of directly utilizing multi-source heterogeneous observations to construct all-
element gravity field models on or outside the geoid. No traditional gravity reduction, upward/
downward continuation, or gridding interpolation is required, thereby eliminating signal
attenuation and non-analytical distortions at the source.

(c) Robust Fusion of Sparse observations:

Exhibits superior capability in leveraging and fusing sparse high-precision observation
data (e.g., limited astronomical vertical deflections or GNSS-leveling sites).

(d) Advanced Quality Control and Performance Assessment:

Equipped with high-precision mechanisms for detecting observational gross errors,
guantitatively assessing external accuracy metrics, and comprehensively monitoring and
optimizing computational performance.

7.11 Height Systems and Height Datum: Theory and Concepts

The fundamental essence of geodetic elevation is the geopotential difference. In
geodesy, elevation serves as the geometric approximation of the geopotential number in
Earth's gravity field space, defined in an Earth-fixed coordinate reference system. By
selecting the geoid potential W, as the constant reference datum, the geopotential number
of a terrain point represents its potential energy relative to the geoid. This constitutes a
physically meaningful "physical elevation", an objective quantity inherent to the gravity field.
The corresponding height system is termed the Geopotential Number System.

7.11.1 Rigorous Geodetic Definitions of Height Systems
The definition of geometric geodetic elevation must satisfy three fundamental conditions:
e Uniqueness: The elevation of any point must be single-valued.
e Measurability: Reduction corrections should be minimal to avoid significant deviations
from observed leveling elevations, in local, low-order levelings.
e Equipotential Consistency: Points on an equipotential surface should possess almost
identical elevations.
Geodetic elevation (orthometric or normal height) is the geometric realization of the

34



geopotential number within the Earth-fixed reference system, adhering to the constraints of
uniqueness and measurability. The height difference between two points represents the
geometric realization of their geopotential difference. The two primary forms are Orthometric
Height and Normal Height, both referred to collectively as "geometric elevations."

Let W, be the geopotential of terrain point A. Let point Q share the same ellipsoidal
coordinates (latitude, longitude) as A, with its normal potential U, equal to W,. By gravity field
theory, the segment QA represents the height anomaly {, at point A (see Figure 7.9).

All elements in Figure 7.9 reside within a unified Earth-fixed reference system with a
consistent geometric scale. Arrows indicate the direction of measurement. This establishes
the Earth-fixed reference system theory as the indispensable foundation for modern height
systems.
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Figure 7.9: Geometric Relationships among Ellipsoidal Height, Orthometric/Normal Height, and
Geoidal Height in an Earth-Fixed Reference System
(1) Physical-Geodetic Definition of the Orthometric Height System
Orthometric height h* is defined as the ratio of the geopotential number c, of point A to
the mean gravity g, between A and the geoid G:

x _We—Wa _ ca
hy=——t= (11.1)
The mean gravity g, is physically defined as:
_ h*
ga=5-ly 9(hdh (11.2)

where dh is the line element between the terrain surface and the geoid. Assuming a constant

crustal density p, the mean gravity g, can be approximated using the Prey reduction formula:

_ 10 «
Ga=ga— (Eﬁ + 27‘[Gp) K (11.3)

where g, is the observed gravity at A, G is the gravitational constant, and dy/dh is the

35



normal gravity gradient. The resulting elevation is known as the Helmert Orthometric Height.
(2) Physical-Geodetic Definition of the Normal Height System
Normal height h is defined as the ratio of the normal geopotential number of point Q
(Uo — Uy) to the mean normal gravity y, between Q and the normal ellipsoid E:

Up—U,
hAzo_—Q
Yo

According to the Molodensky condition, the normal geopotential number at Q equals the
actual geopotential number at A (U, — U, = ¢4 = W; — W,). Substituting this yields the
Molodensky Normal Height:

(11.4)

_ Uo—Ug _ Wg—Wgs _ Cy

ha 7o 7e 7o (11.5)
where 7, is the Molodensky mean normal gravity. Given W, = U,, it follows that

Equation (11.6) confirms that point Q lies on the equipotential surface passing through
A (Fig. 7.9). China's national height system is based on this definition.

Note: The Molodensky condition here is distinct from the Molodensky Boundary Value
Problem; it is the geometric realization of Bruns' formula at point A.

Since y, (g4) is constant, normal (orthometric) height is also unique, path-independent,
and measurable.

7.11.2 Concept of the Analytical Geoid and Analytical Orthometric Height

The so-called "true" geoid (or terrain-corrected geoid), which attempts to account for
the topographic mass effects through reduction, suffers from decimeter-level uncertainties in
continental mountainous regions. These uncertainties stem from necessary approximations
in terrain density models and assumptions regarding methods of terrain mass reduction (e.g.,
Helmert condensation or complete Bouguer reduction). At the centimeter-level precision
demanded, such a geoid fails to meet the fundamental constraints of uniqueness and precise
measurability required for valid geodetic elements. Consequently, the geoidal height derived
following such terrain adjustments is metrologically undefined; it is neither uniquely
determinable nor does it possess an accepted concept of accuracy.

To resolve this fundamental theoretical and practical impasse, PAGravf4.5 introduces
the Analytical Geoid, a well-defined geodetic element achieved via specific, theoretically
consistent terrain mass reduction that preserves the potential field’s invariance. Crucially,
before and after this mass reduction, the geopotential (or the disturbing potential T ) remains
invariant everywhere across the entire ground surface and throughout the external space (or
any closed surface outside the geoid). This geoidal height is defined as the Analytical Geoidal
Height, which is mathematically equivalent to the analytical continuation of the height
anomaly (¢) from the ground surface (or exterior) down to the geoid.

In metrological sense, helmert orthometric height fails to qualify as a general geodetic
element satisfying the uniqueness and measurability requirement. Furthermore, it does not
meet the datum conditions necessary for GNSS Replacing Leveling, since rendering the
relationship (H = h* + N ) between ellipsoidal height (H ), orthometric height (h*), and geoidal
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height (N') ambiguous.

PAGravf4.5 addresses this long-standing deficiency by introducing the Analytical
Orthometric Height. In this formulation, the gravity at any point along the theoretical path from
the ground to the geoid is not approximated by a constant or a simplified density model.
Instead, it is defined as the gravity value obtained via the analytical continuation of the
external gravity field to that specific point (i.e., the analytical gravity). The mean gravity along
this path is then rigorously defined as the geometric mean of these continuously varying
analytical gravity values. The orthometric height derived from this rigorously defined mean
gravity constitutes the Analytical Orthometric Height.

Unlike the Helmert orthometric height, both the Analytical Orthometric Height and the
Normal Height strictly satisfy the datum conditions for GNSS Replacing Leveling. And the
fundamental equation H = h (normal height) + ¢ holds with analytical rigor. Furthermore,
these two height systems share a rigorous analytical functional relationship within the
framework of gravity field theory. This robust and consistent theoretical foundation is not
Earth-specific, two height systems can be directly extended and applied to other celestial
bodies, such as the Moon and terrestrial planets.

The Analytical Orthometric Height requires no assumptions regarding crustal density.
Its mean gravity can be continuously refined and updated using the latest gravity field data
and models, making it a dynamic and improvable geodetic element. From the perspective of
the uniqueness and measurability of geodetic elements, the Analytical Orthometric Height is
more suitable for modern height datum purposes than other types of orthometric heights.

Simple calculations using global geopotential models demonstrate that, numerically, the
values of the Analytical Orthometric Height and the Normal Height are globally much closer
to each other than either is to the Helmert orthometric height. The discrepancy between the
Analytical Orthometric Height and the Helmert orthometric height can reach approximately
60 cm at an elevation of 3,000 meters.

7.11.3 Analytical Functional Relationship between Orthometric and Normal Heights
Geodetic elevation (orthometric or normal height) is the geometric expression of
geopotential in the Earth-fixed reference system. Both orthometric and normal heights are
objectively unique and precisely measurable.
The ellipsoidal height H relates to orthometric height h* and geoidal height (geoid
undulation) N, as well as normal height h and height anomaly ¢, via:
H=W+N=h+{ (11.7)
Equation (11.7) provides the theoretical basis for determining h* (or h) using GNSS-
derived H and a geoid model (N or ¢). The difference between orthometric and normal
heights is:
h*—h=(—-N=A (11.8)
That is, the discrepancy between the orthometricl height A* and normal height h equals
the difference between the height anomaly ¢ and geoidal height N.
The integral solution to the Stokes Boundary Value Problem determines the disturbing
potential everywhere outside the geoid, yielding both ¢ and N (Generalized Stokes Formula).
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Crucially, this solution constrains the analytical relationship between ¢ and N (Zhang
Chuanyin, 2017):
- - o an=nN— ("%
(—N+A(—N+f0 s dh =N fo ydh (11.9)

where &g is the gravity disturbance and y are is the normal gravity along the line element dh.

7.11.4 Applicability of the Geoid as the Zero-Elevation Surface

While orthometric and normal heights are unique and measurable geometric quantities,
their physical representation (the geopotential number) involves approximations. This is an
inherent characteristic of their geodetic definitions.

(1) Geodetic Basis for the Uniqueness of the Height Datum

If the normal height of point Ais zero (h, = 0), Substituting equation (11.5), we can obtain:

hA="°7;QUQ=W%;”A=;—Z=O = =0, W,=W; (11.10)

This indicates that a point with zero normal height has zero geopotential number, thus

the point should lie on the geoid (W, = W).

Substituting ¢, = 0 into the orthometric height definition (11.1) yields:
hy=teWa_a_20 (11.11)

ga ga ga
Equation (11.11) shows that the orthometric height of point A also equals zero, h; = 0.

Consequently, a point with zero normal height also has zero orthometric height.

Conclusion: The zero-orthometric-height surface, zero-normal-height surface, zero-
geopotential-number surface, and the Geoid are coincident. They all share the constant
geopotential W;;. Therefore, regardless of the specific height system (Orthometric Height,
Normal Height, or Geopotential Number), the geodetic height starting datum surface is only
the (global or regional) Geoid.

(2) Analysis of Geoidal Geopotential Properties and Datum Nature

The geodetic definitions of orthometric and normal heights [Egs. (11.1) and (11.5)]
constitute the sole theoretical foundation in geodesy for elucidating the nature of the height
starting datum and geodetic elevation. All formulas for leveling elevation difference
corrections are derived from these definitions.

The definition of height system can be uniformly expressed as:
We—W c

h==E =2 (11.12)

where:
o If g represents the mean gravity between the terrain point and the geoid, Eq. (11.12)
defines the Orthometric Height System.
o If g represents the Molodensky mean normal gravity, it defines the Molodensky
Normal Height System.
o If g = 1, it defines the Geopotential Number System.
A unique and time-invariant reference datum is a mandatory constraint for the entire
geodetic discipline. Examining Eqg. (11.12), since g # 0, the geopotential W of a terrain point
is the sole independent variable determining its orthometric (or normal) height, whereas the
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geoidal geopotential W, is a pre-defined constant. Consequently, Eq. (11.12) dictates that
only the constant W can serve as the unique, invariant starting datum value for orthometric
and normal height systems.

(3) Definition of Geoidal Geometric Deformation

The elevation of any terrain point is an objective quantity uniquely defined by its
geopotential number. For a deforming Earth, the geopotential W changes objectively with
time due to the redistribution of internal mass, inducing temporal variations in the
geopotential number (and thus geometric elevation) at any point. Earth’s deformation directly
causes discrepancies in the spatial distribution of geopotential between two time epochs.
This means that in the Earth-fixed reference system, the geometric positions of the geoid
(W, remains unchanged) at two epochs differ, and this difference represents the geoid's
geometric deformation.

7.11.5 Issues with the Quasi-Geoid as a Datum Surface

In traditional physical geodesy, the closed surface where the ellipsoidal height equals
the ground height anomaly is termed the quasi-geoid. Historically, this surface was regarded
as the datum for normal heights. However, this perception contradicts the rigorous definition
of normal height [Eq. (11.5)] for two reasons:

(a) Physical Inconsistency: The geopotential number on the zero-normal-height surface is
zero; thus, the zero-normal-height surface is the geoid, not the quasi-geoid.

(b) Violation of Uniqueness: For two points with identical latitude and longitude but
different attitudes, their height anomalies (¢ ) differ. If normal heights were referenced to the
quasi-geoid, there would exist two non-coincident starting points in the vertical direction for
the same location, violating the uniqueness requirement of the normal height system.

Actual observation points rarely lie precisely on the specific Digital Elevation Model
(DEM) surface employed to construct the ground height anomaly model. For centimeter-level
applications, a height-dependent correction 6 ¢, accounting for the height anomaly gradient

(or gravity disturbance), should be applied:

$=Co+08 =Gy + [ Sedh =Gy = [t 22 dh = & — [ (h = ho) (11.13)

where:
{: Height anomaly at the actual observation point (elevation h).
{,: Height anomaly interpolated from the ground height anomaly model to the point's
horizontal location.
ho: Terrain elevation interpolated from the DTM.
ég,v: Gravity disturbance and normal gravity, respectively, along the vertical segment.
[-]: Averaging operator.

Practical Implication: For instance, using a 1'x1' ground height anomaly model to
represent the quasi-geoid can result in correction terms & reaching decimeter-level
magnitudes in regions like western China. Thus, while the normal height system is
theoretically rigorous, looking the quasi-geoid as its datum surface fails to meet geodetic
requirements at decimeter-level accuracy and contradicts Eq. (11.5).
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Consequently, PAGravf4.5 comprehensively deemphasizes the concept of the quasi-
geoid and related legacy knowledge.

7.11.6 Geometric Properties of Height Systems and Conceptual Updates

Both orthometric and normal height systems are strictly defined within the Earth-fixed
reference system based on gravity field theory.

(1) Geometric Parallelism of Orthometric Heights:

Consider two surfaces of constant orthometric height, h; and hj, such that their
difference Ahj, = h; —hy = C # 0 is constant. From Eq. (11.7), the ellipsoidal height
difference AH,, between the two surfaces is:

AH, =H,—H; =(hy+N)—(h{+N)=h, —h; =Ah;, =C (11.14)

Eq. (11.14) demonstrates that the ellipsoidal height difference between two constant
orthometric height surfaces equals their orthometric height difference, independent of the
geoidal height N . This implies that orthometric equiheight surfaces are parallel within the
Earth-fixed reference system.

e Revised Definition: Orthometric height is rigorously the distance from a terrain point to
the geoid measured along a straight line perpendicular to the geoid. A direct corollary is that
the integration path in the mean gravity definition [Eq. (11.2)] should be treated as a straight
line.

e Correction of Misconception: The conventional view that orthometric height is the
irregular curvilinear distance along the plumb line is incorrect. Due to the deflection of the
vertical and the curvature of the normal gravity line, the plumb line is an irregular curve whose
length exceeds the straight-line distance. This traditional interpretation lacks a rigorous
geodetic foundation.

e Limitation: Globally parallel closed surfaces do not exist in external Earth space.
Parallelism holds only in infinitesimally local spaces; thus, orthometric height possesses
typical local properties.

(2) Geometric Behavior of Normal Heights:

Normal height is also unique and measurable. However, since the height anomaly
varies with attitude (elevation), normal equiheight surfaces are not strictly parallel in the
Earth-fixed reference system. The signal of the height anomaly attenuates with increasing
elevation. Consequently, the geometric shape of a normal equiheight surface becomes
progressively smoother relative to the geoid as elevation increases.

(3) Conclusion:

e Orthometric Height: Offers intuitive geometric measurement properties due to the
parallelism of its equipheight surfaces with the geoid.

e Normal Height: aligns more closely with gravity field properties, as its equipheight
surfaces smooth out with elevation increase, reflecting the attenuation of gravitational signals.

e Both height systems possess distinct advantages, limitations, and scientific
applicability. Their coexistence is both necessary and scientifically justified.
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