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Integral algorithm formula of anomalous gravity field 

7.9.1 Stokes and Hotine integral formulas outside geoid 

(1) It is known that the gravity anomaly 𝛥𝑔 on an equipotential surface outside the 

geoid, the disturbing potential 𝑇(𝑟, 𝜃, 𝜆) or the height anomaly 𝜁(𝑟, 𝜃, 𝜆) at the calculation 

point (𝑟, 𝜃, 𝜆) outside the geoid can be calculated by Stokes integral Formula: 

𝑇(𝑟, 𝜃, 𝜆) = 𝛾𝜁(𝑟, 𝜃, 𝜆) =
1

4𝜋
∬ 𝛥𝑔′𝑆(𝑟, 𝜓, 𝑟′)𝑑𝑠

⬚

𝑠
                                         （9.1） 

where 𝑟′ is the geocentric distance of the move areal element 𝑑𝑠 (the move point) on 

the equipotential surface where the gravity anomaly 𝛥𝑔′ is located, 𝑆(𝑟, 𝜓, 𝑟′) is called 

as the generalized Stokes kernel function, and: 

𝑆(𝑟, 𝜓, 𝑟′) =
2

𝐿
+

1

𝑟
−

3𝐿

𝑟2 −
5𝑟′𝑐𝑜𝑠𝜓

𝑟2 −
3𝑟′

𝑟2 𝑐𝑜𝑠𝜓𝑙𝑛
𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿

2𝑟
                              （9.2） 

where 𝐿 is the space distance from the move point to the calculation point. 

When the calculation point is the same as the move point, the integral is singular: 

𝜁|0 =
𝐴0

𝛾
∆𝑔0                                                                                               （9.3） 

(2) It is known that the gravity disturbance 𝛿𝑔 on an equipotential surface outside 

the geoid, the disturbing potential 𝑇(𝑟, 𝜃, 𝜆)  or the height anomaly 𝜁(𝑟, 𝜃, 𝜆)  at the 

calculation point (𝑟, 𝜃, 𝜆) outside the geoid can be calculated by Hotine integral Formula: 

𝑇(𝑟, 𝜃, 𝜆) = 𝛾𝜁(𝑟, 𝜃, 𝜆) =
1

4𝜋
∬ 𝛿𝑔′𝐻(𝑟, 𝜓, 𝑟′)𝑑𝑠

⬚

𝑠
                                        （9.4） 

where 𝐻(𝑟, 𝜓, 𝑟′) is called as the generalized Hotine kernel function, and: 

𝐻(𝑟, 𝜓, 𝑟′) =
2

𝐿
−

1

𝑟
−

3𝑟′𝑐𝑜𝑠𝜓

𝑟2 −
1

𝑟′ 𝑙𝑛
𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿

𝑟(1−𝑐𝑜𝑠𝜓)
                                             （9.5） 

When the calculation point is the same as the move point, the integral is singular: 

𝜁|0 =
𝐴0

𝛾
𝛿𝑔0                                                                                               （9.6） 

If 𝑟 and 𝑟′ are taken as constants, the generalized Stokes/Hotine integral can be 

calculated by the fast FFT algorithm. 

7.9.2 Vening-Meinesz integral formulas outside geoid 

Taking the horizontal derivatives on both sides of the generalized Stokes formula, 

we have: 

𝜉 =
−1

4𝜋𝑟𝛾
∬ 𝛥𝑔′ 𝜕𝑆(𝑟,𝜓,𝑟′)

𝜕𝜓

𝜕𝜓

𝜕𝜑
𝑑𝑠

⬚

𝑠
，𝜂 =

−1

4𝜋𝑟𝑐𝑜𝑠𝜑𝛾
∬ 𝛥𝑔′ 𝜕𝑆(𝑟,𝜓,𝑟′)

𝜕𝜓

𝜕𝜓

𝜕𝜆
𝑑𝑠

⬚

𝑠
          （9.7） 

From 𝑐𝑜𝑠𝜓 = 𝑠𝑖𝑛𝜑𝑠𝑖𝑛𝜑′ + 𝑐𝑜𝑠𝜑𝑐𝑜𝑠𝜑′𝑐𝑜𝑠(𝜆′ − 𝜆),                                           （9.8） 

differentiating both sides, we get: 

−𝑠𝑖𝑛𝜓
𝜕𝜓

𝜕𝜑
= 𝑐𝑜𝑠𝜑𝑠𝑖𝑛𝜑′ − 𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜑′𝑐𝑜𝑠(𝜆′ − 𝜆)                                        （9.9） 

−𝑠𝑖𝑛𝜓
𝜕𝜓

𝜕𝜆
= 𝑐𝑜𝑠𝜑𝑐𝑜𝑠𝜑′𝑠𝑖𝑛(𝜆′ − 𝜆)                                                           （9.10） 

From the spherical trigonometry formula, we can get: 
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𝑠𝑖𝑛𝜓𝑐𝑜𝑠𝛼 = 𝑐𝑜𝑠𝜑𝑠𝑖𝑛𝜑′ − 𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜑′𝑐𝑜𝑠(𝜆′ − 𝜆)                                      （9.11） 

𝑠𝑖𝑛𝜓𝑠𝑖𝑛𝛼 = 𝑐𝑜𝑠𝜑′𝑠𝑖𝑛(𝜆′ − 𝜆)                                                                  （9.12） 

Combining formulas (9.9) ~ (9.12), we can get: 

𝜕𝜓

𝜕𝜑
= −𝑐𝑜𝑠𝛼,

𝜕𝜓

𝜕𝜆
= −𝑐𝑜𝑠𝜑𝑠𝑖𝑛𝛼                                                               （9.13） 

Substitute formula (9.13) into (9.7), we have: 

𝜉 =
1

4𝜋𝑟𝛾
∬ 𝑔′ 𝜕𝑆(𝑟,𝜓,𝑟′)

𝜕𝜓
𝑐𝑜𝑠𝛼𝑑𝑠

⬚

𝑠
，𝜂 =

1

4𝜋𝑟𝛾
∬ 𝛥𝑔′ 𝜕𝑆(𝑟,𝜓,𝑟′)

𝜕𝜓
𝑠𝑖𝑛𝛼𝑑𝑠

⬚

𝑠
          （9.14） 

Considering 𝐿 = √𝑟2 + 𝑟′2 − 2𝑟𝑟′𝑐𝑜𝑠𝜓, we have: 

𝜕

𝜕𝜓
𝐿 =

𝑟𝑟′

𝐿
𝑠𝑖𝑛𝜓，

𝜕

𝜕𝜓

1

𝐿
= −

1

𝐿2

𝜕

𝜕𝜓
𝐿 = −

𝑟𝑟′

𝐿3 𝑠𝑖𝑛𝜓                                         （9.15） 

𝜕

𝜕𝜓
𝑙𝑛

𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿

2𝑟
=

1

𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿
(

𝑟𝑟′

𝐿
𝑠𝑖𝑛𝜓 + 𝑟′𝑠𝑖𝑛𝜓) =

𝑟′𝑠𝑖𝑛𝜓

𝑟+𝐿−𝑟′𝑐𝑜𝑠𝜓

𝐿+𝑟

𝐿
           （9.16） 

𝜕

𝜕𝜓
𝑆(𝑟, 𝜓, 𝑟′) =

𝜕

𝜕𝜓
(

2

𝐿
+

1

𝑟
−

3𝐿

𝑟2 −
5𝑟′𝑐𝑜𝑠𝜓

𝑟2 −
3𝑟′𝑐𝑜𝑠𝜓

𝑟2 𝑙𝑛
𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿

2𝑟
)  

=
𝜕

𝜕𝜓

2

𝐿
−

3

𝑟2

𝜕

𝜕𝜓
𝐿 +

5𝑟′𝑠𝑖𝑛𝜓

𝑟2 +
3𝑟′𝑠𝑖𝑛𝜓

𝑟2 𝑙𝑛
𝑟+𝐿−𝑟′𝑐𝑜𝑠𝜓

2𝑟
−

3𝑟′𝑐𝑜𝑠𝜓

𝑟2

𝜕

𝜕𝜓
𝑙𝑛

𝑟+𝐿−𝑟′𝑐𝑜𝑠𝜓

2𝑟
   

= (−
2𝑟𝑟′

𝐿3 −
3𝑟′

𝑟𝐿
+

5𝑟′

𝑟2 +
3𝑟′

𝑟2 𝑙𝑛
𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿

2𝑟
−

3𝑟′𝑐𝑜𝑠𝜓

𝑟2

𝑟′

𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿

𝐿+𝑟

𝐿
) 𝑠𝑖𝑛𝜓   

= [−
2𝑟

𝐿3 −
3

𝑟𝐿
+

5

𝑟2 +
3

𝑟2 𝑙𝑛
𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿

2𝑟
−

3𝑟′(𝐿+𝑟)𝑐𝑜𝑠𝜓

𝑟2𝐿(𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿)
] 𝑟′𝑠𝑖𝑛𝜓                   （9.17） 

In the same way, by calculating the horizontal derivatives on both sides of the 

generalized Hotine formula, we can get: 

𝜉 =
1

4𝜋𝑟𝛾
∬ 𝛿𝑔′ 𝜕𝐻(𝑟,𝜓,𝑟′)

𝜕𝜓
𝑐𝑜𝑠𝛼𝑑𝑠

⬚

𝑠
，𝜂 =

1

4𝜋𝑟𝛾
∬ 𝛿𝑔′ 𝜕𝐻(𝑟,𝜓,𝑟′)

𝜕𝜓
𝑠𝑖𝑛𝛼𝑑𝑠

⬚

𝑠
       （9.18） 

Because of 

𝜕

𝜕𝜓
𝑙𝑛

𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿

𝑟(1−𝑐𝑜𝑠𝜓)
=

𝑟(1−𝑐𝑜𝑠𝜓)

𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿

(
𝑟𝑟′

𝐿
𝑠𝑖𝑛𝜓+𝑟′𝑠𝑖𝑛𝜓)𝑟(1−𝑐𝑜𝑠𝜓)+(𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿)𝑟𝑠𝑖𝑛𝜓

𝑟2(1−𝑐𝑜𝑠𝜓)2   

=
𝑠𝑖𝑛𝜓

𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿

𝐿+𝑟

𝐿
𝑟′(1−𝑐𝑜𝑠𝜓)+(𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿)

1−𝑐𝑜𝑠𝜓
= [

𝑟′(𝐿+𝑟)

(𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿)𝐿
+

1

1−𝑐𝑜𝑠𝜓
] 𝑠𝑖𝑛𝜓,    （9.19） 

we have: 

𝜕

𝜕𝜓
𝐻(𝑟, 𝜓, 𝑟′) =

𝜕

𝜕𝜓
(

2

𝐿
−

1

𝑟
−

3𝑟′𝑐𝑜𝑠𝜓

𝑟2 −
1

𝑟′ 𝑙𝑛
𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿

𝑟(1−𝑐𝑜𝑠𝜓)
)  

=
𝜕

𝜕𝜓

2

𝐿
+

3𝑟′𝑠𝑖𝑛𝜓

𝑟2 −
1

𝑟′

𝜕

𝜕𝜓
𝑙𝑛

𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿

𝑟(1−𝑐𝑜𝑠𝜓)
   

= [−
2𝑟𝑟′

𝐿3 +
3𝑟′

𝑟2 −
𝐿−𝑟

(𝑟−𝑟′𝑐𝑜𝑠𝜓+𝐿)𝐿
+

1

𝑟′(1−𝑐𝑜𝑠𝜓)
] 𝑠𝑖𝑛𝜓                                     （9.20） 

Formulas (9.14) and (9.18) are also called as generalized Vening-Meinesz integral 

formulas, and formulas (9.17) and (9.20) are generalized Vening-Meinesz kernel 

functions. 

Using the formula (9.14), the vertical deflection at any point outside the geoid be 

calculated from the gravity anomaly on a certain equipotential surface. And using the 
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formula (9.18), the vertical deflection at any point outside the geoid be calculated from 

the gravity disturbance on a certain equipotential surface. 

If 𝑟  and 𝑟′  are taken as constants, the generalized Vening-Meinesz integral 

formulas (9.14) and (9.18) can be calculated by the fast FFT algorithm. 

7.9.3 Integral formula of inverse operation of anomalous gravity field element 

(1) Calculation of the gravity disturbance by integral on the height anomaly 

According to the definition of gravity disturbance, take the vertical derivative of the 

Poisson integral formula of disturbing potential 𝑇 

𝛿𝑔 =
𝜕𝑇

𝜕𝑛
≈ −

𝛾𝜕𝜁

𝜕𝑟
= −

𝛾

2𝜋
∬

𝜁−𝜁𝑝

𝑙3 𝑑𝑠
⬚

𝑠
                                                           （9.21） 

where 𝑛  is the vertical line direction (reverse to the radial direction 𝑟 ), and 𝑙  is the 

distance between the calculation point and the move point on the sphere:  

𝑙 = 2𝑟 𝑠𝑖𝑛
𝜓

2
                                                                                              （9.22） 

Formula (9.21) is also known as the inverse Hotine integral formula under spherical 

approximation. 

When the calculation point is the same as the move point, the integral is singular: 

𝛿𝑔|0 =
𝛾√𝐴0 𝜋⁄

4
(𝜁𝑥𝑥 + 𝜁𝑦𝑦)                                                                        （9.23） 

where 𝜁𝑥𝑥  and 𝜁𝑦𝑦  are the second-order horizontal partial derivatives of the height 

anomaly at the calculation point, and 𝛾𝜁𝑥𝑥 and 𝛾𝜁𝑦𝑦 are the northward direction of the 

horizontal gravity gradient and the eastward direction of the horizontal gravity gradient, 

respectively. 

Using formula (9.21), the gravity disturbance on the equipotential surface can be 

calculated from the height anomaly on the surface. 

Since the gravity disturbance 𝛿𝑔 is the derivative of the disturbing potential 𝑇 along 

the vertical direction n, formular (9.21) requires that the boundary surface where the 

height anomaly is located should be an equipotential surface. 

(2) Calculation of the gravity anomaly by integral on the height anomaly 

Substitute the basic gravimetric equation into formular (9.21) to get: 

𝛥𝑔 = −
𝛾

2𝜋
∬

𝜁−𝜁𝑝

𝑙3 𝑑𝑠
⬚

𝑠
−

𝜁𝛾

2𝑟
                                                                       （9.24） 

Formula (9.24) is also known as the inverse Stokes integral formula under spherical 

approximation. 

Using formula (9.24), the gravity anomaly on the equipotential surface can be 

calculated from the height anomaly on the surface. 

(3) Calculation of the height anomaly by integral on the vertical deflection 

𝜁 =
𝑟

4𝜋
∬ 𝑐𝑡𝑔

𝜓

2
(𝜉𝑐𝑜𝑠𝛼 + 𝜂𝑠𝑖𝑛𝛼)

⬚

σ
𝑑𝜎                                                        （9.25） 

When the calculation point is the same as the move point, the integral is singular: 

𝜁|0 =
𝐴0

4𝜋
(𝜉𝑦 + 𝜂𝑥)                                                                                    （9.26） 



4 

where 𝜉𝑦 and 𝜂𝑥 are the partial derivatives of 𝜉 and 𝜂 in the east and north directions, 

respectively. 

Using formula (9.26), the height anomaly on the equipotential surface can be 

calculated from the vertical deflection on the surface. 

(4) Calculation of the gravity anomaly by integral on the vertical deflection 

𝛥𝑔 = −
𝛾

4𝜋
∬ (3𝑐𝑠𝑐𝜓 − 𝑐𝑠𝑐𝜓𝑐𝑠𝑐

𝜓

2
− 𝑡𝑔

𝜓

2
) (𝜉𝑐𝑜𝑠𝛼 + 𝜂𝑠𝑖𝑛𝛼)

⬚

𝜎
𝑑𝜎               （9.27） 

When the calculation point is the same as the move point, the integral is singular: 

𝛥𝑔|0 = −
𝛾√𝐴0 𝜋⁄

4
(𝜉𝑦 + 𝜂𝑥)                                                                         （9.28） 

Using formula (9.27), the gravity anomaly on the equipotential surface can be 

calculated from the vertical deflection on the surface. 

(5) Calculation of the gravity disturbance by integrating on the vertical deflection 

From the basic gravimetric equation, and the formulas (9.25) and (9.27), the integral 

formula for the gravity disturbance from the vertical deflection can be obtained: 

𝛿𝑔 =
−𝛾

4𝜋
∬ (3𝑐𝑠𝑐𝜓 − 𝑐𝑠𝑐𝜓𝑐𝑠𝑐

𝜓

2
− 𝑡𝑔

𝜓

2
− 2𝑐𝑡𝑔

𝜓

2
) (𝜉𝑐𝑜𝑠𝛼 + 𝜂𝑠𝑖𝑛𝛼)

⬚

𝜎
𝑑𝜎   （9.29） 

When the calculation point is the same as the move point, the integral is singular: 

𝛿𝑔|0 = −
𝛾

2𝜋
(√𝜋𝐴0 +

𝐴0

𝑟
) (𝜉𝑦 + 𝜂𝑥)                                                         （9.30） 

Using formula (9.29), the gravity disturbance on the equipotential surface can be 

calculated from the vertical deflection on the surface. 

Formulas (9.25), (9.27) and (9.29) are also known as the inverse Vening-Meinesz 

integral formula under spherical approximation. 

If 𝑟 is taken as constant, formulas (9.21), (9.24), (9.25), (9.27) and (9.29) can all be 

calculated by the fast FFT algorithm. 

7.9.4 Positive and negative operation formula of anomalous field element 

integral 

(1) Poisson integral formula of anomalous field element 

Any type of anomalous gravity field element 𝜇  can be expressed by the linear 

combination of the disturbing potential or its partial derivatives. Therefore, the radial 

gradient and Poisson integral formula of field element are similar. 

Given the anomalous gravity field element on a certain boundary surface, the 

Poisson integral relation satisfied by the same type of field element at any point 

(𝑟, 𝜃, 𝜆) outside the geoid: 

𝜇(𝑟, 𝜃, 𝜆) =
1

4𝜋𝑟
∬ 𝜇′ 𝑟2−𝑟′2

𝐿3 𝑑𝑠
⬚

𝑠
                                                                  （9.31） 

When the calculation point is the same as the move point, 𝜓 → 0, 𝑟′ → 𝑟𝑡, 𝐿 → 𝑟𝜓 

and 𝑟 − 𝑟′𝑡 → 𝑟𝜓2, the integral is singular. Considering 

𝑑s = 𝑟′2𝑠𝑖𝑛𝜓𝑑𝜓𝑑𝛼 = 𝜋𝑟2𝜓0
2                                                                   （9.32） 
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we have 
1

4𝜋𝑟
∬

𝑟2−𝑟′2

𝐿3 𝑑𝑠
⬚

𝑠
=

1

2𝑟
∫ 𝑟2 𝜓2

𝑟3𝜓3 𝑟2𝜓𝑑𝜓
𝜓0

0
=

1

2
𝜓0 =

1

2𝑟
√𝑑s/𝜋,                 （9.33） 

hence 𝜇|0 =
𝜇′

2𝑟
√𝑑s/𝜋.                                                                                      （9.34） 

(2) Radial gradient integral formula for anomalous field elements 

Given the anomalous gravity field element on a certain equipotential surface, the 

radial gradient of the field element in the Stokes boundary value theory can be 

calculated by the following integral formula: 

𝜕𝜇

𝜕𝑟
=

1

2𝜋
∬

𝜇−𝜇′

𝑙3 𝑑𝑠
⬚

𝑠
                                                                                   （9.35） 

If 𝑟 and 𝑟′ are taken as constants, the integral formulas (9.31) and (9.35) can be 

calculated by the fast FFT algorithm. 

(3) Integral positive and negative operation formula for disturbing gravity gradient 

Given the disturbing gravity gradient 𝑇𝑟𝑟 on some an equipotential surface outside 

the geoid, the gravity disturbance 𝛿𝑔 = −𝑇𝑟 at any calculation point (𝑟, 𝜃, 𝜆) outside the 

geoid satisfies the following integral formula: 

𝛿𝑔(𝑟, 𝜃, 𝜆) =
1

4𝜋
∬ 𝑇𝑟𝑟𝐻(𝑟, 𝜓, 𝑟′)𝑑𝑠

⬚

𝑠
                                                         （9.36） 

where 𝐻(𝑟, 𝜓, 𝑟′) is the generalized Hotine kernel function. 

Given the gravity disturbance 𝛿𝑔 on a certain equipotential surface, the disturbing 

gravity gradient at any point on the equipotential surface can be calculated by the 

following integral formula: 

𝑇𝑟𝑟 =
1

2𝜋
∬

𝛿𝑔−𝛿𝑔′

𝑙3 𝑑𝑠                                                                                 （9.37） 

(4) Calculation of the disturbing gravity gradient by integral on the gravity 

disturbance 

Given the gravity disturbance 𝛿𝑔  on a certain boundary surface, the disturbing 

gravity gradient 𝑇𝑟𝑟 at the any point (𝑟, 𝜃, 𝜆) outside the geoid can also be calculated. 

Using the Poisson integral formular (9.31) for the gravity disturbance 𝛿𝑔, we have: 

𝛿𝑔(𝑟, 𝜃, 𝜆) =
1

4𝜋𝑟
∬ 𝛿𝑔′ 𝑟2−𝑟′2

𝐿3 𝑑𝑠
⬚

𝑠
                                                             （9.38） 

Considering 𝑇𝑟𝑟 =
𝜕

𝜕𝑟
(

𝜕

𝜕𝑟
𝑇) = −

𝜕

𝜕𝑟
(𝛿𝑔), taking the partial derivatives of both sides 

of (9.38) with respect to 𝑟, we get: 

𝑇𝑟𝑟 = −
1

4𝜋𝑟
∬ 𝛿𝑔′ 𝜕

𝜕𝑟

𝑟2−𝑟′2

𝐿3 𝑑𝑠
⬚

𝑠
=

1

4𝜋𝑟
∬ 𝛿𝑔′ 𝑟3−5𝑟𝑟′2+(𝑟2+3𝑟′2)𝑟′2𝑐𝑜𝑠𝜓

𝐿5 𝑑𝑠
⬚

𝑠
    （9.39） 

The formula (9.39) for calculating the disturbing gravity gradient outside the geoid 

from the gravity disturbance on the boundary surface is derived from the Poisson 

integral formula for solving the first boundary value problem. Therefore, it is not required 

that the boundary surface should be a gravity equipotential surface. 

Calculation formulas of normal gravity field at any point in Earth space 

(1) The normal geopotential U at the Earth space point (𝑟, 𝜃, 𝜆)  in the spherical 

coordinate system can be expressed as spherical harmonic series: 



6 

𝑈(𝑟, 𝜃) =
𝐺𝑀

𝑟
[1 − ∑ (

𝑎

𝑟
)

2𝑛
𝐽2𝑛𝑃2𝑛(cos 𝜃)∞

𝑛=1 ] +
1

2
𝜔2𝑟2 sin2 𝜃                        （1.1） 

𝐽2𝑛 = (−1)𝑛+1 3𝑒2𝑛

(2𝑛+1)(2𝑛+3)
(1 − 𝑛 +

5𝑛𝐽2

𝑒2 )                                                （1.2） 

where 𝑟 is the distance from the calculation point to the center of the level ellipsoid, 𝜆 is 

the longitude of the calculation point, 𝜃 = 𝜋/2 − 𝜑 is the geocentric colatitude, 𝜑 is the 

geocentric latitude, 𝑎  is the semimajor axis of the ellipsoid, 𝐽2  is the dynamic shape 

factor of the Earth, 𝐺𝑀 is the geocentric gravitational constant, 𝜔 is the mean rotation 

rate of the Earth, 𝑒  is the first eccentricity of the level ellipsoid, and 𝑃2𝑛(𝑐𝑜𝑠𝜃)  is the 

Legendre function. 

(2) Taking the partial derivative of the normal gravitational potential 𝑈(𝑟, 𝜃) formula 

(1.1) in the spherical coordinate system, the normal gravity vector at the Earth space 

point can be obtained: 

γ(𝑟, 𝜃) = 𝛾𝑟𝑒𝑟 + 𝛾𝜃𝑒𝜃                                                                                  （1.3） 

𝛾𝑟 = −
𝐺𝑀

𝑟2 [1 − ∑ (2𝑛 + 1) (
𝑎

𝑟
)

2𝑛
𝐽2𝑛𝑃2𝑛(𝑐𝑜𝑠𝜃)∞

𝑛=1 ] + 𝜔2𝑟𝑠𝑖𝑛2𝜃                   （1.4） 

𝛾𝜃 =
𝜕𝑈

𝑟𝜕𝜃
= −

𝐺𝑀

𝑟2 [∑ (
𝑎

𝑟
)

2𝑛
𝐽2𝑛

𝜕

𝜕𝜃
𝑃2𝑛(𝑐𝑜𝑠 𝜃)∞

𝑛=1 ] + 𝜔2𝑟 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠𝜃                （1.5） 

Since 𝑒𝑟  ⊥ 𝑒𝜃, the normal gravity scalar value can be obtained: 

𝛾 = √𝛾𝑟
2 + 𝛾𝜃

2                                                                                             （1.6） 

and the north declination angle of the normal gravity line direction relative to the Earth 

center of mass can also be obtained: 

𝜗𝛾 = 𝑡𝑎𝑛−1 𝛾𝜃

𝛾𝑟
                                                                                             （1.7） 

(3) Furtherly taking the partial derivative of the normal gravity vector 𝛾(𝑟, 𝜃) of the 

formula (1.3), the diagonal elements of the normal gravity gradient tensor at the earth 

space point in the spherical coordinate system can be obtained: 

𝑈𝑟𝑟 = −2
𝐺𝑀

𝑟3 [1 − ∑ (𝑛 + 1)(2𝑛 + 1) (
𝑎

𝑟
)

2𝑛
𝐽2𝑛𝑃2𝑛(𝑐𝑜𝑠𝜃)∞

𝑛=1 ] + 𝜔2𝑠𝑖𝑛2𝜃      （1.8） 

𝑈𝜃𝜃 =
𝜕2𝑈

𝑟2𝜕𝜃2 =
𝜕𝛾𝜃

𝑟𝜕𝜃
= −

𝐺𝑀

𝑟3 [∑ (
𝑎

𝑟
)

2𝑛
𝐽2𝑛

𝜕2

𝜕𝜃2 𝑃2𝑛(𝑐𝑜𝑠 𝜃)∞
𝑛=1 ] + 𝜔2 𝑐𝑜𝑠2 𝜃        （1.9） 

Since 𝑒𝑟  ⊥ 𝑒𝜃, the normal gravity gradient scalar value can be obtained: 

𝑈𝑛𝑛 = √𝑈𝑟𝑟
2 + 𝑈𝜃𝜃

2                                                                                     （1.10） 

and the north declination angle of the normal gravity gradient direction relative to the 

mass center of the Earth can also be obtained: 

𝜗𝐸 = 𝑡𝑎𝑛−1 𝑈𝜃𝜃

𝑈𝑟𝑟
                                                                                         （1.11） 

(4) Low-dgree Legendre function 𝑃𝑛(𝑡)  and its first and second derivative 

algorithms with respect to 𝜃 
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Let 𝑡 = 𝑐𝑜𝑠 𝜃 , 𝑢 = 𝑠𝑖𝑛 𝜃,                                                                             （1.12） 

then 𝑃𝑛(𝑡) =
2𝑛−1

𝑛
𝑡𝑃𝑛−1(𝑡) −

𝑛−1

𝑛
𝑃𝑛−2(𝑡)                                                           （1.13） 

𝑃1 = 𝑡, 𝑃2 =
1

2
(3𝑡2 − 1)                                                                      （1.14） 

𝜕

𝜕𝜃
𝑃𝑛(𝑡) =

2𝑛−1

𝑛
𝑡

𝜕

𝜕𝜃
𝑃𝑛−1(𝑡) −

2𝑛−1

𝑛
𝑢𝑃𝑛−1(𝑡) −

𝑛−1

𝑛

𝜕

𝜕𝜃
𝑃𝑛−2(𝑡)                    （1.15） 

𝜕

𝜕𝜃
𝑃1(𝑡) = −𝑢,

𝜕

𝜕𝜃
𝑃2(𝑡) = −3𝑢𝑡                                                         （1.16） 

𝜕2

𝜕𝜃2 𝑃𝑛(𝑡) =
2𝑛−1

𝑛
(𝑡

𝜕2

𝜕𝜃2 𝑃𝑛−1 − 2𝑢
𝜕

𝜕𝜃
𝑃𝑛−1 − 𝑡𝑃𝑛−1) −

𝑛−1

𝑛

𝜕2

𝜕𝜃2 𝑃𝑛−2              （1.17） 

𝜕2

𝜕𝜃2 𝑃1(𝑡) = −𝑡,
𝜕2

𝜕𝜃2 𝑃2(𝑡) = 3(1 − 2𝑡2)                                               （1.18） 

Calculation formulas of Earth gravity field from geopotential coefficient model 

The disturbing potential 𝑇 or height anomaly 𝜁 at the space point (𝑟, 𝜃, 𝜆) outside 

the Earth can be expressed as the following spherical harmonic series: 

𝑇(𝑟, 𝜃, 𝜆) = 𝜁𝛾 =
𝐺𝑀

𝑟
∑ (

𝑎

𝑟
)

𝑛
∑ (𝛿𝐶̅𝑛𝑚𝑐𝑜𝑠𝑚𝜆 + 𝑆𝑛̅𝑚𝑠𝑖𝑛𝑚𝜆)𝑃̅𝑛𝑚

𝑛
𝑚=0

∞
𝑛=2            （2.1） 

where 𝐶̅𝑛𝑚, 𝑆𝑛̅𝑚 are called as the fully normalized Stokes coefficients, also known as the 

geopotential coefficients, 𝑃̅𝑛𝑚 = 𝑃̅𝑛𝑚(𝑡)  is the fully normalized associative Legendre 

function, n is called as the degree of the geopotential coefficient, m is called as order of 

geopotential coefficients. And 

𝛿𝐶̅2𝑛,0 = 𝐶̅2𝑛,0 +
𝐽2𝑛

√4𝑛+1
                                                                                （2.2） 

𝛿𝐶̅2𝑛,𝑚 = 𝐶̅2𝑛,𝑚(𝑚 > 0) 𝛿𝐶̅2𝑛+1,𝑚 = 𝐶̅2𝑛+1,𝑚                                            （2.3） 

The spherical harmonic series of gravity anomaly ∆𝑔 , gravity disturbance 𝛿𝑔 , 

vertical deflection (𝜉, 𝜂), disturbing gravity gradient 𝑇𝑟𝑟 and tangential gravity gradient 

(𝑇𝑁𝑁, 𝑇𝑊𝑊) at the space point (𝑟, 𝜃, 𝜆) outside the Earth can be respectively expressed 

as: 

∆𝑔 =
𝐺𝑀

𝑟2
∑ (𝑛 − 1) (

𝑎

𝑟
)

𝑛
∑ (𝛿𝐶̅𝑛𝑚𝑐𝑜𝑠𝑚𝜆 + 𝑆𝑛̅𝑚𝑠𝑖𝑛𝑚𝜆)𝑃̅𝑛𝑚

𝑛
𝑚=0

∞
𝑛=2                  （2.4） 

𝛿𝑔 = −𝑇𝑟 =
𝐺𝑀

𝑟2
∑ (𝑛 + 1) (

𝑎

𝑟
)

𝑛
∑ (𝛿𝐶̅𝑛𝑚𝑐𝑜𝑠𝑚𝜆 + 𝑆𝑛̅𝑚𝑠𝑖𝑛𝑚𝜆)𝑃̅𝑛𝑚

𝑛
𝑚=0

∞
𝑛=2        （2.5） 

𝜉 =
𝑇𝜃

𝛾𝑟
=

𝐺𝑀

𝛾𝑟2
∑ (

𝑎

𝑟
)

𝑛
∑ (𝛿𝐶̅𝑛𝑚𝑐𝑜𝑠𝑚𝜆 + 𝑆𝑛̅𝑚𝑠𝑖𝑛𝑚𝜆)

𝜕

𝜕𝜃
𝑃̅𝑛𝑚

𝑛
𝑚=0

∞
𝑛=2                    （2.6） 

𝜂 = −
𝑇𝜆

𝛾𝑟𝑠𝑖𝑛𝜃
=

𝐺𝑀

𝛾𝑟2𝑠𝑖𝑛𝜃
∑ (

𝑎

𝑟
)

𝑛
∑ 𝑚(𝛿𝐶̅𝑛𝑚𝑠𝑖𝑛𝑚𝜆 − 𝑆𝑛̅𝑚𝑐𝑜𝑠𝑚𝜆)𝑃̅𝑛𝑚

𝑛
𝑚=1

∞
𝑛=2      （2.7） 

𝑇𝑟𝑟 =
𝐺𝑀

𝑟3
∑ (𝑛 + 1)(𝑛 + 2) (

𝑎

𝑟
)

𝑛
∑ (𝛿𝐶̅𝑛𝑚𝑐𝑜𝑠𝑚𝜆 + 𝑆𝑛̅𝑚𝑠𝑖𝑛𝑚𝜆)𝑃̅𝑛𝑚

𝑛
𝑚=0

∞
𝑛=2       （2.8） 

𝑇𝑁𝑁 =
1

𝑟
𝑇𝑟 +

1

𝑟2 𝑇𝜃𝜃  

= −
𝛿𝑔

𝑟
+

𝐺𝑀

𝑟3
∑ (

𝑎

𝑟
)

𝑛
∑ (𝛿𝐶̅𝑛𝑚𝑐𝑜𝑠𝑚𝜆 + 𝑆𝑛̅𝑚𝑠𝑖𝑛𝑚𝜆)

𝜕2

𝜕𝜃2 𝑃̅𝑛𝑚
𝑛
𝑚=0

∞
𝑛=2             （2.9） 

𝑇𝑊𝑊 =
1

𝑟
𝑇𝑟 +

1

𝑟2 𝑇𝜃𝑐𝑡𝑔𝜃 +
1

𝑟2𝑠𝑖𝑛2𝜃
𝑇𝜆𝜆 = −

𝛿𝑔

𝑟
+

𝜉𝛾

𝑟
𝑐𝑡𝑔𝜃  
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−
𝐺𝑀

𝑟3𝑠𝑖𝑛2𝜃
∑ (

𝑎

𝑟
)

𝑛
∑ 𝑚2(𝛿𝐶̅𝑛𝑚𝑐𝑜𝑠𝑚𝜆 + 𝑆𝑛̅𝑚𝑠𝑖𝑛𝑚𝜆)𝑃̅𝑛𝑚

𝑛
𝑚=0

∞
𝑛=2              （2.10） 

here, 𝑇𝑟 =
𝜕

𝜕𝑟
𝑇(𝑟, 𝜃, 𝜆), 𝑇𝑟𝑟 =

𝜕2

𝜕𝑟2 𝑇(𝑟, 𝜃, 𝜆)                                                      （2.11） 

𝑇𝜃 =
𝜕

𝜕𝜃
𝑇(𝑟, 𝜃, 𝜆), 𝑇𝜃𝜃 =

𝜕2

𝜕𝜃2 𝑇(𝑟, 𝜃, 𝜆)                                                     （2.12） 

𝑇𝜆 =
𝜕

𝜕𝜆
𝑇(𝑟, 𝜃, 𝜆), 𝑇𝜆𝜆 =

𝜕2

𝜕𝜆2 𝑇(𝑟, 𝜃, 𝜆)                                                      （2.13） 

𝑇𝑟𝑟 + 𝑇𝑁𝑁 + 𝑇𝑊𝑊 ≡ 0, 𝑇𝑟𝑟
𝑛 + 𝑇𝑁𝑁

𝑛 + 𝑇𝑁𝑁
𝑛 ≡ 0, 𝑇∗ = ∑ 𝑇∗

𝑛∞
𝑛=2                      （2.14） 

where 𝑇∗
𝑛 represents the degree n harmonic component of 𝑇∗. The N axis points North 

and the W axis points West. 

Equation (2.14) is the Laplace equation, which can be employed to check the 

spatial and spectral domain performance of the geopotential model. 

 Algorithms of normalized associative Legendre function and its derivative  

(1) Standard forward column recursion algorithm for 𝑃̅𝑛𝑚(𝑡) (n<1900) 

{

𝑃̅𝑛𝑚(𝑡) = 𝑎𝑛𝑚𝑡𝑃̅𝑛−1,𝑚(𝑡) − 𝑏𝑛𝑚𝑃̅𝑛−2,𝑚(𝑡) ∀𝑛 > 1, 𝑚 < 𝑛

𝑃̅𝑛𝑛(𝑡) = 𝑢√
2𝑛+1

2𝑛
𝑃̅𝑛−1,𝑛−1 𝑛 > 1

                        （3.1） 

𝑎𝑛𝑚 = √
(2𝑛−1)(2𝑛+1)

(𝑛+𝑚)(𝑛−𝑚)
, 𝑏𝑛𝑚 = √

(2𝑛+1)(𝑛+𝑚−1)(𝑛−𝑚−1)

(2𝑛−3)(𝑛+𝑚)(𝑛−𝑚)
  

𝑃̅00(𝑡) = 1, 𝑃̅10(𝑡) = √3𝑡, 𝑃̅11(𝑡) = √3𝑢                                                 （3.2） 

(2) Improved Belikov recursion algorithm for 𝑃̅𝑛𝑚(𝑡) (n<64800) 

When 𝑛 = 0,1, 𝑃̅𝑛𝑚(𝑡) is calculated according to (3.2). And when n≥2, we have: 

𝑃̅𝑛0(𝑡) = 𝑎𝑛𝑡𝑃̅𝑛−1,0(𝑡) − 𝑏𝑛
𝑢

2
𝑃̅𝑛−1,1(𝑡),  𝑚 = 0                                            （3.3） 

𝑃̅𝑛𝑚(𝑡) = 𝑐𝑛𝑚𝑡𝑃̅𝑛−1,𝑚(𝑡) − 𝑑𝑛𝑚𝑢𝑃̅𝑛−1,𝑚+1(𝑡) + 𝑒𝑛𝑚𝑢𝑃̅𝑛−1,𝑚−1(𝑡), 𝑚 > 0     （3.4） 

𝑎𝑛 = √
2𝑛+1

2𝑛−1
, 𝑏𝑛 = √

2(𝑛−1)(2𝑛+1)

𝑛(2𝑛−1)
                                                               （3.5） 

𝑐𝑛𝑚 =
1

𝑛
√

(𝑛+𝑚)(𝑛−𝑚)(2𝑛+1)

2𝑛−1
, 𝑑𝑛𝑚 =

1

2𝑛
√

(𝑛−𝑚)(𝑛−𝑚−1)(2𝑛+1)

2𝑛−1
                       （3.6） 

here when m>0, 

𝑒𝑛𝑚 =
1

2𝑛
√

2

2−𝛿0
𝑚−1 √

(𝑛+𝑚)(𝑛+𝑚−1)(2𝑛+1)

2𝑛−1
                                                       （3.7） 

(3) Cross degree-order recursive algorithm for 𝑃̅𝑛𝑚(𝑡) (n<20000) 

When 𝑛 = 0,1, 𝑃̅𝑛𝑚(𝑡) is calculated according to (3.2). And when n≥2, we have: 

𝑃̅𝑛𝑚(𝑡) = 𝛼𝑛𝑚𝑃̅𝑛−2,𝑚(𝑡) + 𝛽𝑛𝑚𝑃̅𝑛−2,𝑚−2(𝑡) − 𝛾𝑛𝑚𝑃̅𝑛,𝑚−2(𝑡)                         （3.8） 

𝛼𝑛𝑚 = √
(2𝑛+1)(𝑛−𝑚)(𝑛−𝑚−1)

(2𝑛−3)(𝑛+𝑚)(𝑛+𝑚−1)
  

𝛽𝑛𝑚 = √1 + 𝛿0
𝑚−2√

(2𝑛+1)(𝑛+𝑚−2)(𝑛+𝑚−3)

(2𝑛−3)(𝑛+𝑚)(𝑛+𝑚−1)
                                                （3.9） 
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𝛾𝑛𝑚 = √1 + 𝛿0
𝑚−2√

(𝑛−𝑚+1)(𝑛−𝑚+2)

(𝑛+𝑚)(𝑛+𝑚−1)
  

(4) Non-singular recursive algorithm for 
𝜕

𝜕𝜃
𝑃̅𝑛𝑚(𝑐𝑜𝑠 𝜃) 

Considering that the first derivative of 𝑃̅𝑛𝑚(𝑐𝑜𝑠 𝜃) with respect to 𝜃 is 

𝜕

𝜕𝜃
𝑃̅𝑛𝑚(𝑐𝑜𝑠 𝜃) = − 𝑠𝑖𝑛 𝜃

𝜕

𝜕𝑡
𝑃̅𝑛𝑚(𝑡)                                                             （3.10） 

we have 

{

𝜕

𝜕𝜃
𝑃̅𝑛0 = −√

𝑛(𝑛+1)

2
𝑃̅𝑛1,

𝜕

𝜕𝜃
𝑃̅𝑛1 = √

𝑛(𝑛+1)

2
𝑃̅𝑛0 −

√(𝑛−1)(𝑛+2)

2
𝑃̅𝑛2

𝜕

𝜕𝜃
𝑃̅𝑛𝑚 =

√(𝑛+𝑚)(𝑛−𝑚+1)

2
𝑃̅𝑛,𝑚−1 −

√(𝑛−𝑚)(𝑛+𝑚+1)

2
𝑃̅𝑛,𝑚+1, 𝑚 > 2

             （3.11） 

𝜕

𝜕𝜃
𝑃̅00(𝑡) = 0,

𝜕

𝜕𝜃
𝑃̅10(𝑡) = −√3𝑢,

𝜕

𝜕𝜃
𝑃̅11(𝑡) = √3𝑡                               （3.12） 

(5) Non-singular recursive algorithm for 
𝜕2

𝜕𝜃2 𝑃̅𝑛𝑚(𝑐𝑜𝑠 𝜃) 

{

𝜕2

𝜕𝜃2 𝑃̅𝑛0 = −
𝑛(𝑛+1)

2
𝑃̅𝑛0 + √

𝑛(𝑛−1)(𝑛+1)(𝑛+2)

8
𝑃̅𝑛2

𝜕2

𝜕𝜃2 𝑃̅𝑛1 = −
2𝑛(𝑛+1)+(𝑛−1)(𝑛+2)

4
𝑃̅𝑛1 +

√(𝑛−2)(𝑛−1)(𝑛+2)(𝑛+3)

4
𝑃̅𝑛3

                  （3.13） 

𝜕2

𝜕𝜃2 𝑃̅𝑛𝑚 =
√(𝑛−𝑚+1)(𝑛−𝑚+2)(𝑛+𝑚−1)(𝑛+𝑚)

4
𝑃̅𝑛,𝑚−2  

−
(𝑛+𝑚)(𝑛−𝑚+1)+(𝑛−𝑚)(𝑛+𝑚+1)

4
𝑃̅𝑛𝑚   

−
(𝑛+𝑚)(𝑛−𝑚+1)+(𝑛−𝑚)(𝑛+𝑚+1)

4
𝑃̅𝑛𝑚  

+
√(𝑛−𝑚−1)(𝑛−𝑚)(𝑛+𝑚+1)(𝑛+𝑚+2)

4
𝑃̅𝑛,𝑚+2, 𝑚 > 2                       （3.14） 

𝜕2

𝜕𝜃2 𝑃̅00(𝑡) = 0,
𝜕2

𝜕𝜃2 𝑃̅10(𝑡) = −√3𝑡,
𝜕2

𝜕𝜃2 𝑃̅11(𝑡) = −√3𝑢                         （3.15） 

Boundary value correction for ellipsoid and spherical boundary surface 

(1) Ellipsoid correction of gravity. The correction of the gravity 𝑔  on an ellipsoid 

surface outside the Earth from the vertical direction to the normal gravity direction, also 

known as the vertical deflection correction of gravity. 

𝜀𝑝 = 𝛾𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 [3𝐽2 (
𝑎

𝑟
)

2
+

𝜔3𝑟3

𝐺𝑀
] 𝜉                                                             （4.1） 

(2) The correction of the gravity 𝑔 from the normal gravity direction to the geocentric 

direction 

𝜀ℎ = 𝛾𝑒2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝜉                                                                                    （4.2） 

(3) The correction of the normal gravity 𝛾 from the normal gravity direction to the 

geocentric direction 

𝜀𝛾 = 3𝛾 [𝐽2
𝑎2

𝑟3
(3𝑐𝑜𝑠2𝜃 − 1) −

𝜔3𝑟3

𝐺𝑀
𝑠𝑖𝑛2𝜃] 𝑇                                                （4.3） 

When the boundary surface is an ellipsoidal surface, only one ellipsoid correction 
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is required in equation (4.1). When the boundary surface is spherical surface, it is 

necessary to perform three items boundary value corrections using equations (4.1) ~ 

(4.3). 

 


