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7.5 Terrain effect algorithms on various gravity field elements outside geoid

The theory of the Earth's gravitational field points out that any type of anomalous
gravity field element outside the Earth can be expressed as a linear combination of the
disturbing potential, gravity disturbance or their partial derivatives on some an
equipotential surface. For example, the vertical deflection can be expressed by the local
horizontal partial derivative of the disturbing potential, and the disturbing gravity gradient
can be expressed by the vertical derivative of the gravity disturbance. Therefore, if we
can get the terrain effects on disturbing potential and gravity disturbance, we also can
get the terrain effects on other types of gravity field elements since there is no terrain
effect in normal gravity field..

7.5.1 Expression of land terrain mass gravitational field - land complete
Bouguer effect

The land terrain mass gravitational field is also called as as the complete Bouguer
effect of land terrain, which is defined as the effect of the terrain mass above the geoid
on the Earth's gravity field.

(1) Land complete Bouguer effect on disturbing potential

Ignoring the mass effect of the Earth's atmosphere, the disturbing potential T at the
calculation point outside the Earth can be expressed as the sum of the terrain mass
gravitational potential Tt (land complete Bouguer effect) and the disturbing potential
TNT after the terrain removed:

T=TNT +Tt =TNT 4+ TB 4+ TR (5.1)
where T* is the gravitational potential generated by the total terrain mass at the
calculation point, which is called as the terrain effect on the disturbing potential or land
complete Bouguer effect. TR is the effect of the local terrain mass on the gravitational
potential at the calculation point, called as the local terrain effect on the disturbing
potential. TZ is the gravitational potential at the calculation point generated by the mass
of the spherical shell with a thickness equal to the terrain height, which is called as the
spherical shell Bouguer effect on the disturbing potential.

From the harmonic properties of the disturbing potential T outside the Earth, it can
be known that the land complete Bouguer effect T¢, local terrain effect TR and spherical
shell Bouguer effect T2 on the disturbing potential outside the Earth are all harmonic.

Under the spherical approximation, the complete Bouguer effect on disturbing
potential in the near-Earth space outside the Earth (r = R + h, R is the mean radius of
the Earth) can be expressed as:

TE=TP + TR = 4nGpy 2 (142 + 22) + 7% (5.2)
where G is the gravitational constant, h is the terrain height directly below the calculation
point, r is the geocentric distance of the calculation point, p, is the geometric mean
density of the terrain from the ground to the geoid, and p, = 2.67x10%kg/m?.
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(2) Land complete Bouguer effect on gravity disturbance
Substituting (5.1) into the definition of gravity disturbance, we get

NT
a;r _aalr_ SgNT + 69t = 5gNT + 698 + 5gR (5.3)

6g = —

where §g¢ is called as the complete Bouguer effect on gravity disturbance, §g°? is the
spherical shell Bouguer effect, and §g* is called as the local terrain effect on gravity
disturbance.

Under spherical approximation, the complete Bouguer effect on gravity disturbance:

5gt =698 + 69k = 47‘[Gp—(1 +-+ —) + 8g& (5.4)

3R?
Equations (5.2) and (5.4) are truncated to the quadratic term of h/R, which are
suitable on ground and near-Earth space (such as aviation altitude), but not suitable on
satellite altitude.

7.5.2 Integral formula of local terrain effect outside the Earth
(1) The local terrain effect on disturbing potential
According to the definition, only considering the surface density p, the local terrain
effect on disturbing potential can be expressed as:

TR =yR = prf fR+h L Y(r,,r")dr' ds (5.5)

where ds = r'?cosp’dp’d}’ is the integral areal element on the ground, and L =

\/rz +r'2 — 2rr'cosy is the space distance from the move point (namely the integral
volume element dV = dr'ds) to the calculation point.

[L2(r,,r)dr =In(r' —rt+ L)+ C (5.6)
where t = cosy, C is the integral constant.

When the calculation point is the same as the move point, the integral of local terrain
effect on disturbing potential is singular:

TRlO = %GpOAom(hxx + hyy) (57)
where p, is the terrain density at the calculation point, 4, is the area of the integral areal
element at the calculation point, and h,,, h,, are the second-order horizontal partial
derivatives of the terrain at the calculation point in the north direction x and the east
direction y.

(2) The local terrain effect on gravity disturbance
According to the definition, the local terrain effect on gravity disturbance can be
expressed as:

SgR = -TR = ff fR+h Mdr ds (5.8)

oty 4, er=r't ., 1’
Td?" = f dr' = L + C (59)

When the calculation pomt is the same as the move point, the integral of local terrain
effect on gravity disturbance is singular:

where, [



59810 =%Gp0,/7TAO(h,ZC+h32,) (5.10)
where (hx, hy) is the terrain slope vector at the calculation point
(3) The local terrain effect on vertical deflection

L, .2 a ,
Considering % = —cosa, % _ —cos@sina, we have:

oA
R_T§ __oTR _ aTR 9y _ a7TR
f - yr - yroe - yroy de yral,b cosa
1
= ff fR+h Mdr’cosads (5.11)
R__ T _ 9tk atR 9y _ aTR .
= yrsiné - yrcos@oi - yrcos@oy oA - yrcos@oy cospsina
1
= ff fR+h Mdr sinads (5.12)
oL Y (rp,r") ,_r—rt
where f—aw dr P +C, (5.14)

a is the geodetic azimuth of ¥, which can be obtained from the spherical trigonometric
formula:

simpcosa = cosgsing’ — sinpcosg’cos(A' — 1) (5.14)
simpsina = cos@'sin(A’' — 1) (5.15)
(4) The local terrain effect on disturbing gravity gradient
TR :—TR Gp ff, [FH ) 1(”””d ds (5.16)
where [ &) gyt o [ [ 2 2P0 gy = L DD (5.17)
(5) The local terrain effect on tangentlal gravity gradient
1
TRy = =TR + T8 = —=6gF ——ZT&, (5.18)
1 1
Tow = =T, + 5 Toctgh + nzeTM = ——6g +LeRetgo +r2ws (pT,{} (5.19)
TR _ 9?TRa%y r _ 9°TR3%y (5.20)

o — P2 a_(pz’ = (31[)2 972
Taking the partial derivative with respect to ¢ on both sides of equation (5.14),

D ] .
considering a—w = —cosa, W _ —cos@sina, we have:
® A
2
sim/)g? = —singsing’ — cos@cosp’cos(X’ — 1) + cospcos?a (5.21)

In the same way, taking the partial derivatives of both sides of (5.15) with respect

to 1, we have: —cosycospsin?a + sml,l) = —cos@'sin(1' — 1), so that we can get:

a/12
smlp 6/12 = —cos@'sin(1’ — 1) + cosypcospsin’a (5.22)

Calculate the second-order partial derivative with respect to the spherical angular
distance ¥ on both sides of the integral of the local terrain effect on disturbing potential,
we have:



BZTR ..... R+h' 92 R+h' 92 1 ,
ff fR+h a—ll}zzd‘)" ds = Gp ff fR+h awzmdr ds (523)
02 1 , , _ r'(6r’+4ar'2+6ricos2ip—rr'cos3p)-rt(4ri+11r'?)
Jagidr = PrEaT (5.24)

7.5.3 Fast FFT algorithms of the integral of local terrain effects on various field
elements
(1) Fast algorithm of the integral of local terrain effect on disturbing potential
Using the local spherical polar coordinate system, let the z-axis be the radial
direction from the Earth center of mass, that is, the zenith direction, the z = 0 is the
terrain surface, and h is the height of the calculation point relative to the terrain surface.
In this case, dz = dr’, dh = dr, then the local terrain effect on disturbing potential (5.5)

is equivalent to:

= Gp ff::: foAh dzd =Gp ffﬁﬁﬁﬁﬁ fOAh dz ds

|(h—2) g
= Gp JJ” [ln Jim 2 i %;Z] ds (5.25)
where 4h is the height difference of the integral move areal element ds on the surface
relative to the terrain surface directly below the calculation point, | = 2rysin(y/2) is the
spherical distance from the move areal element to the calculation point, and r, is the
geocentric distance of the surface directly below the calculation point, and y is the
spherical angular distance from the move point to the calculation point.

Expand the integrand in Eq. (5. 25) to order 3 near z = 0, we have:

ds (5.26)

where £ =+ h2 + 12 is the space distance from the move areal element ds to the
calculation point in the case of z = 0. Here £ # L, and L is the space distance from the
move volume element dzds to the calculation point.

Considering Ah? = h'? — 2h'h + h?, Ah® = h'3 — 3h'?h + 3h'h? — h3, each item on
the right side of the formula (5.26) can be quickly calculated using the FFT algorithm.
where, h is the terrain height directly below the calculation point, and h' is the terrain
height of the move areal element.

(2) Fast algorithm of the integral of local terrain effect on gravity disturbance

In the same way, the local terrain effect on gravity disturbance (5.8) is equivalent

to:
A
R Gp (ro+2) _ Gp i To+4h _ T
ff [ﬁh z)2+12] ds == | ——— | ds (5.27)

Expand the integrand in Eq. (5.27) to order 4 near z = 0, we have:



_ - -2 3 _
s’ 2hL?+ro(2h —lz)Ahz +2h3r+h212—3r0h12—l4 e
Gp el |3 5 7
SgR = —pff L 2L 2L ds (5.28)
r vs T4 47302 4T 4 7212, 274
8rh —4h 1°—12hl*—-24rgh 1°+31%*rg 4
+ v Ah

where Ah* = h'* — 4h'3h + 6h%h'? — 4h'h3 + h*,

Each item on the right side of the formula (5.28) can be quickly calculated using the
FFT algorithm. In PAGravf4.5, the numerical integral of the local terrain effect on gravity
disturbance is calculated using formula (5.27).

(3) Fast algorithm of the integral of local terrain effect on vertical deflection

Expand the integrand in the integral formula of the local terrain effect on vertical
deflection to order 3 near z = 0:

R+h' oL Y (ryp,r’
f ( ll) )d,rl
R+h oy

_ _rzii:u;Ah _ 3hr2Lssin1pAh2 _ [rzssLiT/) i Srzsimé/)ghz—lz)] e (5.29)
Substitute (5.29) into (5.11) and (5.12) formulas, and the FFT algorithm can be
employed to quickly calculate the local terrain effect on vertical deflection.
(4) Fast algorithm of the integral of local terrain effect on disturbing gravity gradient

The local terrain effect on disturbing gravity gradient (5.16) is equivalent to:

TE = Gp [ | — oty — ] ds (5.30)

((R—4Rr)2+12)3/2
Expand the integrand in Eq. (5.30) to order 3 near z = 0, we have:
252;12Ah _ 3h(2h27—312)Ah2 n
TR =Gp [[~ £ 2L ds (5.31)

s |ah*+6r*—12R212—(6r*+31%1%)t , 3
70 Ah

(5) Fast algorithm of the integral of local terrain effect on tangential gravity gradient
The integrand function in Equation (5.23) is equivalent to:
fR+h'il r _ Ak 9 1
R+h 9y? L 0 9y2 \/(H—z)2+4r3sin2(lp/z)
1 [r(2L2+478sin?Y)  (R—-Ah)(2L2+1¢sin®Pp—4RAh+2AR?)
= 851-,12%[ £3 - (L2—2hAh+Ah2)3/2 ]

dz

(5.32)

Expand it to order 3 near z=0, we have:

R+h' 9% 1 2(h?+2r8)cosyP+ré (—5+cos2
f Yar = — ( 0)cosp+rg( 111)7,02Ah
R+h 9y2L 2L5

6(h%+2r&)cosyp+31¢ (—=7+3cos21) ¢
+ h
4L7
n (8R*+12R%r¢ 191§ )cosp—r§ (36h%—18r¢ —(24h%—2r) cos2p+3ré cos3h)
4L°

r¢Ah*

r2AR®  (5.33)

If the calculation point is also on the terrain surface, there are h=0, L=1,
formulas (5.25) ~ (5.33) can be greatly simplified.



7.6 Seawater Bouguer effect and land-sea residual terrain effect

7.6.1 Marine terrain gravitational field - seawater complete Bouguer effect
The marine terrain gravitational field is usually represented by the seawater
complete Bouguer effect. The seawater complete Bouguer effect is defined as the effect
on the Earth's gravity field (various gravity field elements) because of the density of
seawater compensated to the density of land terrain.
The seawater complete Bouguer effect on disturbing potential can be directly
expressed by the integral formula as:

T° =GP ffs f}fm L (r, ¢, v") dr' ds (6.1)
where d < 0 is the seafloor depth, B is the seawater compensation density, equal to the
difference between the terrain density and the seawater density, 8 = p,—
pw =1.64x10%kg/m?, and L is the space distance of the move volume element of the
water body (dV' = dr'ds) to the calculation point.

Using the local spherical polar coordinate system, let the z-axis be the radial
direction from the Earth center of mass, that is, the zenith direction, z = 0 represents
the sea level, then equation (6.1) is equivalent to:

_Gﬁff ..... fd()cizds—Gﬁff fd\/ﬁds
_ i h2+12-h _ (h=d)2+12-h+d
= Gh I, [l" Nl W%J as (62)

where, ds = r'?do = r'?cos@’d@’d2’ is the areal element on the sea surface, £ =

Vh? + 12 is the space distance between the move aera element ds on the sea surface
and the calculation point (£ # L), and h is the altitude of the calculation point. [ =
Zrosm is the distance between the calculation point and the move point on the sea
surface, 1, is the mean geocentric distance of the sea surface, the mean radius R of the

Earth.
In the same way, the seawater complete Bouguer effect on gravity disturbance is:

6g°=——=— ﬂff e Mdr ds (6.3)

G (it 0 (r0+z)dz GB i o To+d
5g° =— = — - ————|ds 6.4
9 ff ﬂj m N ffs T m (6.4)
Considering % = —cosa, % = —cosgsina, the seawater complete Bouguer effect
on vertical deflection is equal to:
&0 = % _Gk ff fR Mdr ‘cosads (6.5)

yr



n° = I G Gﬁ ff """ f Mdr 'sinads (6.6)

yrsiné

The seawater complete Bouguer effect on disturbing gravity gradient is:
0% . . i 2L (rap,r")
TS ==—T° =GB ff fm#d ds (6.7)

Equation (6.7) is equwalent to

h
Ty =GP ﬂ [((h d)2+12)3/2 B E] ds (6.8)

Similarly, by expanding the integrand in the above integral formula near the sea
level z = 0, the fast FFT algorithm formula can be derived.
Expand the integrand in Eq. (6.2) to order 3 near z = 0, we have:

d3) ds (6.9)

T° = GR [} tdzds = GB f|" (3d + Sz d? +

Expand the integrand in Eq. (6.3) to order 4 near z = 0, we have:

2h? —l

_ . -2 3 _
rh+L? 2he24rg(R7+22) + 2R r+R 12 =3rgh12-1% e
0 _ G L3 2L5 2L7
6g°==JI;"B L » ds (6.10)
8rh —4h”12—12Rh1*-24roh" 12431%r¢ 4
+ v d

Expand the integrand in the integral formula of the seawater complete Bouguer
effect on vertical deflection to order 3 near z = 0:
fR oL (rp,r") dr'

R+d 9y
_ rising 3hrisinyg o [ sml/} s5r2sinp(2h2-12)] .3
N 5 ¢ s ¢ [ 3L5 6L7 ]d (6.11)

From equation (6.8), we can get the seawater complete Bouguer effect on

disturbing gravity gradient:
s 2R2-1? 3’5(2}72—312)(12
7
T = g 'BH 4h*+ert —12h212—(6r2L+3r212)coswd3 ds (6.12)
L9

The items on the right side of equations (6.9) to (6.12) can be quickly calculated by
the FFT algorithm. If the calculation point is also on the sea surface, with h = 0, £ = [,
formulas (6.2) ~ (6.12) can be greatly simplified.

The seawater complete Bouguer effects on various gravity field elements are
relatively large, and a larger integral radius should be employed for the integral
calculation, such as not less than 250km.

7.6.2 Integral algorithms of residual terrain effects on various field elements
outside the geoid
The land-sea residual terrain effect is defined as the short-wave and ultra-short-
wave components of the land-sea complete Bouguer effect. The residual terrain effects
on various types of field elements can be calculated by firstly constructing the land-sea
residual terrain model and then using the integral method.
The residual terrain model (RTM) can be obtained by subtracting the low-resolution
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land-sea terrain model from the high-resolution land-sea terrain model with the same
grid specification.

The integral formula of residual terrain effect is similar in form to the integral formula
of local terrain effect/seawater complete Bouguer effect, the difference lies in the
adopted the density of the move element and the radial integral domain.

(1) Numerical Integral of residual terrain effects on various field elements outside
the geoid

The residual terrain effects on disturbing potential can be directly expressed as:

TTtm = G_ﬂ. """ fR+6 B'L (r,,r")dr' ds (6.13)

where, &', ' are the residual terrain height and density at the move areal element ds =
r'?cosp’'dep’'dA’", respectively. When ds is located in the land area, §’ is the residual
terrain height 6h, and g’ is the terrain density p, (= 2.67x10%kg/m?3), while when ds is
located in the ocean area, ¢’ is the residual seafloor depth §d, B’ is seawater
compensation density p, — p,, (Where seawater density p,, =1 .03x10%kg/m?3).

It is not difficult to find that whether the areal element ds is in the land area or in the
sea area, the residual terrain §' could be positive or negative.
In the same way, the residual terrain effect on gravity disturbing is equal to:

rtm 191~ '
sgrm =~ = G [ pr R UEERD gy g (6.14)

The residual terrain effect on vertical deflection is equal to:

= _ff::ﬁ fR+6 o 1;:lfpr)dr’sinowls (6.15)

The residual terrain effect on disturbing gravity gradient is equal to:

T = T =G [,

Similarly, using a local spherical coordinate system, let the z-axis be the radial
direction (zenith direction), and z =0 is the terrain surface/sea surface. Let £ =

R+6' 9%L

Mdr ds (6.16)

Vv h2 + 12 be the three-dimensional space distance between the move areal element and
the calculation point then formulas (6.13) ~ (6.16) can be rewritten as:

..... s
7i-6') +12-Ri+6" _7
=fos‘“‘ﬁ'[n—“(£zﬁ_5,—ln tlds (6.17)

69 = J1, B I, r e ds = LI B | ——=—"7|ds  (6.18)



h-8'

f§+6 aL-lér,ll),r)dr, =%Ctg% —_% (6.19)
¥ /(ﬁ-s')z+zz
oo, h-8' h
T3 = G [, B' |G — 1) 48 (6:20)

(2) Fast FFT algorithms of the integral of residual terrain effect on various field
elements

The integrand in the above integral formula is expanded near z=0, where z=0 is the
terrain surface/sea surface.

Expand the integrand in Eq. (6 17) to order 3 near z = 0, we have:

e (o o ) il

Expand the integrand in Eq. (6.18) to order 4 near z = 0, we have:

..... ~ 72 i ’HZ_ 2
Ly L (R 32) 515 | R -2k 243t 5'4]61 (6.22)

2L5 2L7 8L®

Expand the integrand in the integral formula (6.19) of the residual terrain effect on
vertical deflection to order 3 near z = 0:

R+8' oL (rypr") , ,
N
_ risimp o, BRrising p rZsing | Srisinp(2h?-12)] o3
= 0T 0 [ s T 6L7 ]5 (6.23)
Expand the integrand in Eq (6.20) to order 4 near z=0, we have:
. 3h 2R%2-31%) , 8h*—24R2%1%2+31* ,
Trm =G [ g [ MR -3 iz 4 RS 53] g (6.24)

7.6.3 Spherical harmonic analysis and synthesis of land-sea terrain masses
(1) The terrain areal density q(¢, A) of any point P(R, ¢, 1) on the land-sea surface
can be expressed as:

q(@, 1) = Bh = R Y71 Xm=olAnmcosma + By sinmAi] nm(SanD) (6.25)

where R is the mean radius of the Earth (PAGravf4.5 replaces R with the semimajor axis
a of the Earth to facilitate the combination with the geopotential model), and A, Bym
are the degree n order m normalized terrain mass spherical harmonic coefficients.

In formula (6.25), when P is on the land terrain surface, h is the terrain height (h >
0), B is the terrain density, § = p, =2.67%10°%kg/m?, while when P is on the sea surface,
h is the seafloor depth (h<0), B is the compensation density of seawater, equal to the
difference between terrain density p, and seawater density p, , B =po—

w =1.64x%10%kg/m3.

(2) The land-sea complete Bouguer effect on the gravitational potential at the point
(r,08,2) outside geoid in spherical coordinates can be expressed by the spherical
harmonic series of global land-sea terrain masses as:

Vb (r,0,1) = ﬂzn 2( ) Y _o(ApmcosmA + By, sinmA)P,,, (cosf) (6.26)
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where p, =5.517x10%kg/m? is the mean density of the Earth.

(3) The land-sea residual terrain effect on the gravitational potential at the point
(r,0,21) outside geoid in spherical coordinates can be expressed by the spherical
harmonic series of global land-sea terrain masses as:

3GM a
(

vrtm(r,6,2) = ?Z,‘f:;v )n I —o(ApmcosmA + By, sinm2) By, (cos@) (6.27)

>
where N is the minimum degree of the residual terrain model.
(4) The relationship between the normalized terrain masses spherical harmonic

coefficient and the normalized terrain Stokes coefficient:
Erim = iﬁ nm» grtlm = %anﬁBnm (6.28)

The terrain masses between the surface and the geoid, and the seawater
compensation masses between the sea surface and the seafloor together generate the
terrain gravitational field, that is, the complete Bouguer effect. The terrain Stokes
coefficients C%,,, St,, are the normalized spherical harmonic expansion coefficients of
the terrain gravitational field., that is, the complete Bouguer effects on the Stokes
coefficients of global geopotential.

7.7 Local terrain compensation and terrain Helmert condensation

7.7.1 Terrain Helmert condensation effects on various gravity field elements
outside geoid

The Helmert condensation of terrestrial terrain involves a concept called as terrain
masses compensation, or terrain compensation for short. Terrain compensation effect
on any type of gravity field element outside the geoid is defined as the amount of mass
compensation for this type of gravity field element to offset the change in the Earth's
gravitational field caused by the removal of terrain mass.

The Helmert condensation process of the terrain masses can be decomposed into
two steps: the first step is to deduct the gravitational field generated by the terrain
masses, that is, to subtract the effect of the terrain, and the second step is to
compensate for the change of the gravitational field caused by the deduction of the
terrain masses, that is, to add the terrain compensate effect.

For any type of gravity field element a outside the geoid, the change of the field
element caused by terrain Helmert condensation is called as the terrain Helmert
condensation effect on this type of field element, which can be uniformly expressed as:

al = at — ¢ (7.1)

where, a” is the terrain Helmert condensation effect on the gravity field element a, at is
the complete Bouguer effect on a, and «a°€ is the terrain compensation effect on a.

The residual terrain effect is equal to the difference between the high-resolution and
low-resolution complete Bouguer effect, and similarly, the terrain Helmert condensation
effect is equal to the difference between the complete Bouguer effect and the terrain

10



compensation effect.

The space outside the geoid after terrain Helmert condensation is called as the
Helmert space, and the corresponding gravitational field is called as the Helmert
gravitational field, which is harmonious with one difference from the actual Earth's
gravitational field due to terrain Helmert condensation.

7.7.2 Algorithm formulas of terrain compensation and Helmert condensation
effect
The following presents the spherical approximation algorithms for terrain
compensation effects on various gravity field elements in the near-Earth harmonic space
outside the geoid.
(1) The terrain compensation effect on disturbing potential

TC=T°+T*=T +fos Tds (72)

where, T°R is called as the local terrain compensation effect on disturbing potential, ds
is the move areal element on the unit sphere, u is called as the terrain compensation
density, and under the spherical approximation:

1= poh (1 +2+ 3%) (7.3)

where, h is the terrain height directly below the calculation point and p, is the terrain
density.

The geocentric distance is replaced by the mean geocentric distance of the
calculation surface and the terrain surface, respectively, then the local terrain
compensation effect integral of the second term on the right side of (7.2) can be directly
calculated by the FFT algorithm.

When the calculation point is the same as the move point, the integral of
compensation effect on disturbing potential is singular:

RZ
TCRlO = EGAO\/AO/T[(I’Lxx + .uyy) (7.4)
where .y, u,, are the second-order partial derivatives of the terrain compensation

density at the calculation point in the north direction x and the east direction y.
(2) The terrain compensation effect on gravity disturbance

59°¢ =698 +6gR =698 +G ff;:g(,u’ -1 ‘s (7.5)

where, §g°R is called as the local terrain compensation effect on gravity disturbance.
When the calculation point is the same as the move point, the integral of
compensation effect on gravity disturbance is singular:

R2
SgCRlo = EGAOV AO/”(Hxx + Hyy) (76)

(3) Calculation of the terrain Helmert condensation effect
Combining formulas (7.2) and (7.5), the terrain Helmert condensation effects on
various gravity field elements outside geoid under the spherical approximation can be

r—r
L3
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expressed as:

a = at —a = (af + a®) — (af + aR) = a® — aR (7.7)

In formula (7.7), the spherical shell Bouguer effect a®? cancels each other, so the
terrain Helmert condensation effect is also equal to the difference between the local
terrain effect a® and the local terrain compensation effect aR.

Substituting formulas (5.5) and (7.4), and formulas (5.7) and (7.5) into formula (7.7),
respectively, the terrain Helmert condensation effects on the disturbing potential and
gravity disturbance can be obtained, and then terrain Helmert condensation effects on
various other types of gravity field elements can be obtained.

(4) Fast algorithm of local terrain compensation effect on gravity disturbance

Using the local spherical polar coordinate system, let the z-axis be the radial
direction (the zenith direction) in this case, dr = dh , we have

5% = =G [[ (W' — ) Z3ds = G f| (' — ) 15— LA (W — hyds

ohL
=G 1~ s -
s+ G I s 78)

Each item on the right side of the formula (7.8) can be quickly calculated using the
FFT algorithm.
(5) Fast algorithm of local terrain compensation effect on vertical deflection

. L ALTYrpr) _ rrising 9y o _ ,
Considering m =T e cosa, = —cospsina, we have
R _ _OTR _ orR oy _ aTeR _ G ol AL
ER = yra(p v e = yroy COSE = IJ:°C 0 cosads
= —f ( ' — 1pcosocds (7.9)
cR _ __OT® 3y _ TR . G i (rar!)
N = et o2 = oy SN = ffs e (u' — wsinads
=—ff """ (0 —,u)rsz ¥ sinads (7.10)

—fo w —u)( —"’ 1)ds (7.11)

7.8 Land-sea unified classic Bouguer and equilibrium effects

7.8.1 The classical reduction method for land Bouguer gravity anomaly
In Stokes theory, the Bouguer gravity anomaly is defined on the geoid, which is
equal to the gravity anomaly on the geoid minus the effect of all terrain masses outside
the geoid on the gravity at the ground point. The classical algorithm for the Bouguer
gravity anomaly on the geoid is:
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Agp = Ag — g — 2nGph (8.1)

where Ag is the gravity anomaly on the geoid, —g~ is the classic plane terrain correction
as well as g® is equal to the plane approximation of the local terrain effect in PAGravf4.5,
and —2nGph is called as the layer correction as well as 2nGph is equal to the plane
approximation of spherical shell Bouguer effect in PAGravf4.5.

In terrestrial mountainous area, the layer correction —2nGph is much less than zero,
so the Bouguer gravity anomaly is generally less than zero.

Since the gravity observed point is generally not on the geoid, it is necessary to
make downward continuation of the observed gravity from the observed point to the
geoid to obtain the gravity anomaly 4g on the geoid, and then according to the algorithm
formula (8.1) to calculate the classical Bouguer gravity anomaly.

In the classical gravity reduction process, the observed gravity is made downward
continuation to the geoid using the space correction —0.3086h + 0(h?) (mGal), which
only considers the normal gravity gradient. While the actual situation is that even in hilly
area with the terrain altitude of several hundred meters, the contribution of disturbing
gravity gradient may reach or exceed the mGal level.

Considering that the height of the observed point can be easily and accurately
measured at present, and the normal gravity at the observed point can be strictly
calculated, PAGravf4.5 will not continue to employ the concept of space correction.

PAGravf4.5 firstly calculates the gravity anomaly at the observed point from the
observed gravity and height, in which, the normal gravity calculated using the analytical
formula (see Section 2.3.1). Then, the rigorous method is employed to obtain the
analytical continuation value of the gravity anomaly from the observed point to the geoid.

From an ultra-high degree geopotential model, the difference between the model
gravity anomaly at the observed point and on the geoid can be directly the analytical
continuation value within the altitude of 1000m. Which is equivalent to removing the
model gravity anomaly at observed point firstly and then restoring model gravity
anomaly on the geoid. In mountainous area, the analytical continuation value can be
furtherly improved by using the radial gradient continuation of residual gravity anomaly
(see Section 2.5).

From the observed gravity and height, PAGravf4.5 calculate the classic Bouguer
gravity anomaly on geoid according to the general formula in following:

Agg = AgS — gR — 2nGph — Ag°© (8.2)
where Ag® is the gravity anomaly at the observed point (see section 2.3 for the
calculation method), and Ag¢ is the the analytical continuation value.

Since the object affected by terrain is gravity itself, it has nothing to do with the
normal gravity. Therefore, the algorithm formula for the Bouguer gravity disturbance on
the geoid is:

85gg = 6g° — gR — 2nGph — §g° (8.3)
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where §g° is the gravity disturbance at the observed point (see section 2.3 for the
calculation method), and §g°¢ is the analytical continuation value, which is almost equal
to Ag€.

In formula (8.2) or (8.3), the observed points can be on the ground or in near-Earth
space outside the ground.

It should be emphasized that no matter whether the observed point is on the ground
or in the near-Earth space (such as aviation altitude), the classical Bouguer gravity
anomaly and classical Bouguer gravity disturbance can only be defined on the geoid,
and the terrain effect can only be the effect of terrain masses on the ground gravity. g%
in the formula (8.2) or (8.3) can only be the local terrain effect on the ground gravity,
even if the observed point is at the altitude of the air.

7.8.2 Calculation of land-sea unified Bouguer gravity anomaly

The existence of terrestrial terrain makes the space outside the geoid exist mass,
which need to be removed, resulting in the land complete Bouguer effect. In the marine
area, the density of seawater below the sea level (geoid) is less than the terrain density,
and the mass loss of seawater layer need to be compensated, resulting in the seawater
complete Bouguer effect.

Referring to Section 7.5.4 for the calculation method of the seawater complete
Bouguer effect on gravity (gravity anomaly or gravity disturbance), the exact integral
formula is:

To+d

r s L ~ 2
}(h—d) +12

there d < 0 is the seafloor depth, § is the seawater compensation density (the
difference between the terrain density p, and the seawater density p,, ), and= p, —
pw =1.64x10%kg/m?, h is the height of the calculation point relative to the sea surface,
1y is the geocentric distance of the sea surface directly below the calculation point, ds
is the move areal element on sea surface, £ is the space distance from the move areal
element to the calculation point, and [ is the spherical distance between the projection
point of the calculation point on the sea surface and the move areal element ds.

Since the local terrain effect g® in (8.1) and the seawater complete Bouguer effect
gy in (8.4) are both integral values of a certain range of areas, the offshore ocean gravity
is affected by land terrain, and the coastal land gravity is affected by seawater, so both
are not zero. It is necessary the land-sea unified Bouguer effect algorithm in the coastal
zone.

The height of the sea level is equal to zero, so if the integral range of the local
terrain effect includes the sea area, the contribution of the sea area to the local terrain
effect is equal to zero. Similarly, the seafloor depth on land is equal to zero, so if the
integral range of the seawater complete Bouguer effect includes land area, the

ds (8.4)
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contribution of land area to the seawater Bouguer effect is also zero. It is easy to find
that the local terrain effect and seawater complete Bouguer effect are completely
separated and seamlessly spliced in the integral domain. Therefore, the two integral
formulas can be directly added to obtain the calculation formula for the land-sea unified
Bouguer gravity anomaly and Bouguer gravity disturbance:

Agp = Ag® — g® — 2nGph — gy — Ag® (8.5)
8gp = 69° — g® — 2nGph — gy — 6g° (8.6)
Let g8 = gR + 2nGph + g’ (8.7)

In PAGravf 4.5, g& is called as the classical Bouguer effect (see Section 3.5). It is
not difficult to see that the classical Bouguer effect g? for gravity anomaly or gravity
disturbance are unified and need not be distinguished.

7.8.3 Airy-Heiskanen terrain equilibrium effect on land

The Bouguer gravity anomaly usually has a large negative value in mountainous
areas, and people therefore associate the ‘excess’ material with irregular undulating
mountains on the crust, which may be compensated by the corresponding loss material
in the magma layer below.

Let the depth from the sea level (geoid) to the magma level be the compensation
depth D. The Airy-Heiskanen model believes that the lower crust is a magma layer with
a density of p;=3.27x10%kg/m?*, and a mountain floats above the magma layer with a
density of the crustal density p,=2.67x10%g/m?. The part of the mountain body above
the sea level is the visible terrain. The higher the mountain body is, the deeper the part
that sinks into the magma (called as the mountain root), and the mountain body and the
mountain root are approximately symmetrical to the magma surface. A density
difference Ap; = p; — py=0.6%x10%kg/m?* is formed between the mountain body and the
mountain root, which is the local density deficit in the magma layer.

Suppose that the surplus material of the terrain is filled into the depleted part below
it and compensated. The compensation density is exactly equal to the depletion density
Ap, =0.6x10%kg/m3, and the compensation density make the gravity increase. The
gravity value change caused by the compensation is the terrain equilibrium effect.

Let the terrain height be h and the mountain root depth be b, it can be known from
the floating static equilibrium condition

bApy = poh = b=yTh=445h (8.8)

Let the z-axis be the direction of the plumb line, then the terrain equilibrium effect
is equal to

z

g1=—GApy [[~ fDD+b ;32 dzdo (8.9)

7.8.4 Calculation of land-sea unified equilibrium gravity anomaly
The ocean has a layer of low-density seawater p,,=1.03%x10%g/m?* and a layer of
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oceanic crust with a density equal to p,=2.67%x10%g/m3. The self-weight of the two
layers of material is less than the buoyancy of the magma, so it need supplement the
material to achieve static balance, which leads to the magma material upwelling to the
ocean area, the formation of mountain anti-root.

The compensation g = p, — p,, = 1.64x10°%kg/m?® for the density deficit of the
seawater layer, which produces the seawater complete Bouguer effect, has been
expressed by formula (8.4). After the seawater density compensated, the static
equilibrium condition of the ocean mountain anti-root becomes:

b'Ap, =Bd = b = Aipld = 2.73d (8.10)

where d is the seafloor depth.

The mass loss of the land mountain root requires mass compensation, so the land
equilibrium effect and the plane Bouguer effect are roughly inverse. On the contrary, the
ocean mountain anti-root is excess mass that need be removed, the ocean equilibrium
effect and the seawater Bouguer effect are also roughly inverse. The ocean equilibrium
effect is equal to

90 =—Gbp [[ [, -dzdo (8.11)

Since the terrain equilibrium effect in (8.9) and the ocean equilibrium effect in (8.11)
are both integral values of a certain range of areas, the terrain equilibrium effect is not
zero in the offshore ocean area, and the ocean equilibrium effect is also not zero in the
coastal land area. Thence it is necessary the land-sea unified equilibrium effect
algorithm in the coastal zone.

The height of the sea level is equal to zero, so if the integral range of the terrain
equilibrium effect includes the sea area, the contribution of the sea area to the terrain
equilibrium effect is equal to zero. Similarly, the seafloor depth on land is equal to zero,
so if the integral range of the ocean equilibrium effect includes land area, the contribution
of land area to the ocean equilibrium effect is also zero. It is easy to find that the terrain
equilibrium effect and the ocean equilibrium effect are completely separated and
seamlessly spliced in the integral domain. Therefore, the two integral formulas can be
directly added to obtain the calculation formula for the land-sea unified equilibrium
gravity anomaly and equilibrium gravity disturbance:

Agp = Ag® — g% — g, — 97 — Ag© (8.12)
8gp =689° — g% — g, — g7 — 6g°¢ (8.13)
Letg! =g, + g7 (8.14)

In PAGravf 4.5, g’ is called as the classical equilibrium effect (see Section 3.5).
Similarly, the classical equilibrium effect g’ for gravity anomaly or gravity disturbance is
unified and need not be distinguished.

7.8.5 Sign analysis of the land and sea Bouguer / equilibrium effect
The land layer effect is to remove the effect of terrain mass outside geoid on surface
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gravity, and the seawater Bouguer effect is the effect on surface gravity after seawater
density compensated to terrain density. Therefore, the sign of the land layer effect is
inverse to that of the seawater Bouguer effect.

The land equilibrium effect is the effect of filling the depleted part of the mountain
root with excess terrain material on surface gravity, and the sign of land equilibrium
effect is inverse to that of the layer effect. The ocean equilibrium effect is the effect on
surface gravity after the process mass of the ocean mountain anti-root removed, and
the sign of ocean equilibrium effect is inverse to that of the seawater Bouguer effect.

In PAGravf4.5, the layer effect (equal to the negative layer correction) is greater
than zero, so the seawater Bouguer effect and the land equilibrium effect are less than
zero, and the ocean equilibrium effect is greater than zero.

If + means greater than zero, - means less than zero, we have: the layer effect (+),
sea water Bouguer effect (-), land equilibrium effect (-), and ocean equilibrium effect (+).

If described by the concept of classical terrain correction, we have: the layer
correction (-), sea water Bouguer correction (+), land equilibrium correction (+), and
ocean equilibrium correction (-).

17



